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Abstract

Hyperstructures extend classical algebraic systems by al-
lowing operations to return sets of possible results rather than
single outputs. Iterating this idea across multiple layers of
collections gives rise to superhyperstructures, which provide
a natural framework for describing hierarchical and multi-
level interactions. This work introduces two mixed higher-
order frameworks: Mixed HyperStructures and Mixed Super-
HyperStructures. In addition, I have included several open
problems at the end of this paper.
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1 Introduction

1.1 HyperStructure and SuperHyperStructure
In this paper, the term Structure is used in a broad sense: it covers both ab-
stract mathematical objects (such as graphs, topological spaces, algebras, au-
tomata, or games) and idealized representations of real–world systems. Many
of these systems possess an intrinsically hierarchical organization, and for such
situations the formalisms of hyperstructures and superhyperstructures provide
a convenient and expressive framework.
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A hyperstructure relaxes the usual notion of an algebraic structure by allow-
ing a binary operation to return an entire subset of possible outcomes instead of
a single element (see, e.g., [1, 2, 3, 4]). This point of view has motivated many
hyperstructure–based models, including HyperGraphs [5, 6, 7], HyperFuzzy
Sets [8, 9], HyperNeutrosophic Sets [10], and HyperAlgebras [11, 12], among
others, all of which are closely connected to the hyperstructure paradigm.

By iterating the powerset construction n times one obtains the iterated
powerset PSn(H), and operations acting on these objects lead to the notion of
an n-superhyperstructure (see, for example, [13, 14, 1]). Such n-superhyperstructures
are intended to model complex, multi–layered phenomena in a transparent way,
by organizing interactions across several levels of aggregation. In analogy with
hyperstructures, a number of superhyperstructure–based concepts have been
proposed, including SuperHyperGraphs [15, 16, 17, 18, 19], SuperHyperFuzzy
Sets [20, 21], and SuperHyperAlgebras [22, 23].

For later reference, Table 1 summarizes the basic variants that will appear
in this work.

Table 1: Classical structures, hyperstructures, superhyperstructures, and
(m,n)-superhyperstructures: underlying domains and typical operation sig-
natures

Structure type Underlying domain Typical operation signature

Classical structure H #0 : H
m → H

Hyperstructure H ◦ : H ×H → PS(H)

n-superhyperstructure PSn(H) ◦ :
(
PSn(H)

)k → PSn(H)

(m,n)-superhyperstructure PSm(H) ? :
(
PSm(H)

)k → PSn(H)

Notation. For a set H, its powerset is PS(H). The iterated powersets are defined by
PS0(H) = H and PSn+1(H) = PS

(
PSn(H)

)
for n ≥ 0. We also write PSm(H) = PSm(H)

when no confusion arises. If the empty set is to be excluded, we use
PSn

∗ (H) = PSn(H) \ {∅}. As usual, Hm denotes the m-fold Cartesian product, and k ≥ 1
denotes the arity of the operation.

1.2 Our Contributions
In this paper, we introduce and study two mixed higher–order formalisms:
Mixed HyperStructures, Mixed SuperHyperStructures. A Mixed HyperStruc-
ture couples several typed powersets with hyperoperations that map heteroge-
neous input subsets to output subsets, thereby encoding cross–type relational
aggregation within a single framework. A Mixed SuperHyperStructure extends
this idea to iterated powersets: operations act on nested collections, providing
a unified way to describe hierarchical scenarios and multi–level interactions.
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Taken together, these constructions offer a flexible language for representing
hierarchical and layered phenomena that simultaneously arise across different
mathematical and real–world structures. In addition, I have included several
open problems at the end of this paper.

2 Preliminaries
In this section we fix notation and recall the basic notions used throughout
the paper. Unless explicitly stated otherwise, all sets are assumed to be finite.

2.1 Hyperstructures and SuperHyperStructures
Many mathematical models and real–world systems naturally exhibit several
hierarchical layers (for instance, elements, groups of elements, and groups of
groups). To describe such multi–level relationships in a uniform way, one may
work with the notions of hyperstructures and superhyperstructures. Informally,
a hyperstructure generalizes an algebraic structure by allowing an operation
to return a set of possible outcomes rather than a single output. Iterating the
powerset construction then leads to higher–order domains on which operations
can act on nested collections.

Definition 2.1 (Powerset). [24] For a set S, its powerset is

PS(S) = {A | A ⊆ S }.

In particular, ∅ ∈ PS(S) and S ∈ PS(S).

Definition 2.2 (Hyperoperation). (cf. [25, 26]) Let S be a nonempty set. A
(binary) hyperoperation on S is a map

◦ : S × S −→ PS(S).

Thus, for x, y ∈ S, the value x ◦ y is a subset of S, not necessarily a single
element.

Definition 2.3 (Hyperstructure). (cf. [26, 27, 1]) Let S be a nonempty set
and let ◦ : S × S → PS(S) be a hyperoperation. The pair

H = (S, ◦)

is called a hyperstructure on S.
Extension to subsets. The hyperoperation ◦ extends canonically to a map

◦ : PS(S)× PS(S) −→ PS(S)
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by the rule
A ◦B :=

⋃
a∈A, b∈B

(
a ◦ b

)
, A,B ⊆ S.

In this sense, a hyperstructure induces a natural “subset–level” composition
on PS(S).

A SuperHyperStructure refines this idea by iterating the powerset construc-
tion. Instead of working only with PS(S), one allows operations whose inputs
and outputs may lie in higher iterated powersets PSn(S), so that operations
can act on nested collections (sets of sets, sets of sets of sets, and so on).
This provides a natural framework for multi–layer and hierarchical interac-
tions [28, 29]. Typical examples include SuperHyperGraphs [15, 19, 30] and
SuperHyperUncertain Sets [21].
Definition 2.4 (Iterated powersets). (cf. [1]) Let S be a nonempty set. Define
recursively

PS0(S) := S, PSn+1(S) := PS
(
PSn(S)

)
(n ≥ 0).

Thus PS1(S) = PS(S), PS2(S) = PS(PS(S)), etc.
The corresponding nonempty iterated powersets are defined by

PS∗
0(S) := S, PS∗

n+1(S) := PS
(
PS∗

n(S)
)
\ {∅} (n ≥ 0).

Equivalently, for any set X, writing PS∗(X) := PS(X)\{∅}, we have PS∗
n+1(S) =

PS∗(PS∗
n(S)

)
.

Definition 2.5 ((m,n)-SuperHyperOperation). (cf. [1]) Let S be a nonempty
set. Fix integers m,n ≥ 0 and an arity k ≥ 1. An (m,n)-superhyperoperation
of arity k on S is a map

? :
(
PSm(S)

)k −→ PSn(S).

If one wishes to exclude the empty set at each level, one may instead work
with

? :
(
PS∗

m(S)
)k −→ PS∗

n(S).

Definition 2.6 ((m,n)-SuperHyperStructure). (cf. [28, 31]) Let S be a nonempty
set and fix integers m,n ≥ 0 and an arity k ≥ 1. A (m,n)-SuperHyperStructure
of arity k on S is a pair

SH =
(
S, ?

)
,

where ? : (PSm(S))
k → PSn(S) is an (m,n)-superhyperoperation. Several

familiar situations are recovered as special cases:
• if m = n = 0, then ? : Sk → S is an ordinary k-ary operation on S;

• if m = 0 and n = 1, then ? : Sk → PS(S) is a k-ary hyperoperation;

• if k = 1, then ? : PSm(S) → PSn(S) is an (m,n)-superhyperfunction.
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3 Main Results

3.1 Mixed HyperStructures and Mixed SuperHyperStruc-
tures

A Mixed HyperStructure couples several typed carrier sets and allows hyper-
operations whose inputs and outputs may belong to different types, thereby
capturing cross–type aggregation within a single formalism. A Mixed Super-
HyperStructure extends this idea to iterated powersets, so that operations may
act on nested collections and model hierarchical, multi–level interactions.

Definition 3.1 (Levels, canonical lifts, and reductions (depth ≤ 2)). Let S
be a nonempty set. Define the first two iterated powersets

PS0(S) := S, PS1(S) := PS(S),

PS2(S) := PS
(
PS(S)

)
.

We use the canonical embeddings

η
(0→1)
S : PS0(S) → PS1(S), η

(0→1)
S (x) := {x},

η
(1→2)
S : PS1(S) → PS2(S), η

(1→2)
S (A) := {A}.

For later use we also fix the canonical lifts from level 1 to level d ∈ {1, 2}:

lift(1→1)
S := idPS1(S),

lift(1→2)
S := η

(1→2)
S .

Moreover, we define the canonical reductions to level 1 from e ∈ {0, 1, 2} by

red(0→1)
S := η

(0→1)
S , red(1→1)

S := idPS1(S),

red(2→1)
S : PS2(S) → PS1(S), red(2→1)

S (F) :=
⋃
A∈F

A.

Thus red(2→1)
S forgets the internal grouping of subsets while retaining all ele-

ments that appear in at least one member of F .
Remark. In general there is no canonical map PS1(S) → PS0(S) (that would
require choosing an element of a subset), so we do not define such a reduction.

Definition 3.2 (Mixed HyperStructure). Let T be a nonempty set of types.
For each a ∈ T let Sa be a nonempty set, called the base set of type a. A typed
hyperprofile is a pair

λ =
(
(a1, . . . , ak) | b

)
∈ T k × T, k ≥ 1.
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A Mixed HyperStructure on the family (Sa)a∈T is a pair

Hmix =
(
(Sa)a∈T , (◦λ)λ∈Λ

)
,

where Λ is an index set and, for each λ = ((a1, . . . , ak) | b) ∈ Λ, the associated
mixed hyperoperation is a map

◦λ : PS1(Sa1)× · · · × PS1(Sak) −→ PS1(Sb).

No additional axioms are imposed unless explicitly stated.
We call Hmix homogeneous if T is a singleton, say T = {a}. Then ◦λ :
(PS(Sa))

k → PS(Sa) is a usual subset–level hyperoperation; restricting each
input to a singleton {xi} yields an induced k-ary hyperoperation on Sa.

Definition 3.3 (Mixed SuperHyperStructure (depth ≤ 2)). Let T be a nonempty
set of types and (Sa)a∈T a family of nonempty base sets. For each a ∈ T we
consider the levels PSd(Sa) for d ∈ {0, 1, 2} and the canonical maps from Def-
inition 3.1.

A typed superhyperprofile of depth ≤ 2 is a datum

µ =
(
(a1, d1), . . . , (ak, dk) | (b, e)

)
,

where k ≥ 1, ai, b ∈ T , and di, e ∈ {0, 1, 2}. For such a profile define

Dom(µ) := PSd1(Sa1)× · · · × PSdk(Sak), Cod(µ) := PSe(Sb).

A Mixed SuperHyperStructure of depth ≤ 2 on (Sa)a∈T is a pair

SHmix =
(
(Sa)a∈T , (?µ)µ∈M

)
,

where M is an index set and, for each µ = ((a1, d1), . . . , (ak, dk) | (b, e)) ∈ M,
the associated mixed superhyperoperation is a map

?µ : Dom(µ) −→ Cod(µ).

PS1-compatible profiles and PS1-reduction. Call µ PS1-compatible if di ∈
{1, 2} for all i (so that each input can be lifted canonically from level 1 to
level di). For such µ we define its PS1-reduction

?[1]µ : PS1(Sa1)× · · · × PS1(Sak) −→ PS1(Sb)

by

?[1]µ (A1, . . . , Ak) := red(e→1)
Sb

(
?µ
(
lift(1→d1)

Sa1
(A1), . . . , lift(1→dk)

Sak
(Ak)

))
,
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where lift(1→di)
Sai

and red(e→1)
Sb

are the canonical maps from Definition 3.1. In
particular, for every PS1-compatible µ, the map ?

[1]
µ is a mixed hyperoperation

of type-only profile λ(µ) := ((a1, . . . , ak) | b).
Hence, restricting to PS1-compatible profiles yields a Mixed HyperStructure

H(1)
mix :=

(
(Sa)a∈T , (?

[1]
µ )µ∈Mcomp

)
,

where Mcomp ⊆ M denotes the set of PS1-compatible profiles.

Theorem 3.4 (Well-defined PS1-reduction). Let SHmix be a Mixed SuperHy-
perStructure of depth ≤ 2 as in Definition 3.3. Fix a PS1-compatible profile

µ =
(
(a1, d1), . . . , (ak, dk) | (b, e)

)
∈ Mcomp,

so that di ∈ {1, 2} for all i and e ∈ {0, 1, 2}. Then the map ?
[1]
µ defined in

Definition 3.3 is well-defined and satisfies

?[1]µ : PS1(Sa1)× · · · × PS1(Sak) −→ PS1(Sb).

Moreover, the family
(
?
[1]
µ

)
µ∈Mcomp

forms a Mixed HyperStructure H(1)
mix on

(Sa)a∈T .

Proof. Let Ai ∈ PS1(Sai) be arbitrary. Since µ is PS1-compatible, we have
di ∈ {1, 2}, hence

Xi := lift(1→di)
Sai

(Ai) ∈ PSdi(Sai) (i = 1, . . . , k)

by Definition 3.1. Therefore (X1, . . . , Xk) ∈ Dom(µ) and the value

Y := ?µ(X1, . . . , Xk)

is well-defined and lies in Cod(µ) = PSe(Sb). Applying the canonical reduction
red(e→1)

Sb
: PSe(Sb) → PS1(Sb) (from Definition 3.1) yields

?[1]µ (A1, . . . , Ak) = red(e→1)
Sb

(Y ) ∈ PS1(Sb).

Hence ?
[1]
µ is a well-defined map with the stated domain and codomain.

Finally, for each µ ∈ Mcomp the map ?
[1]
µ has signature

PS1(Sa1)× · · · × PS1(Sak) → PS1(Sb),

which is exactly the signature of a mixed hyperoperation in Definition 3.2.
Therefore the family H(1)

mix =
(
(Sa)a∈T , (?

[1]
µ )µ∈Mcomp

)
is a Mixed HyperStruc-

ture.
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Theorem 3.5 (Mixed SuperHyperStructures generalize SuperHyperStructures).
Fix integers k ≥ 1 and m,n ∈ {0, 1, 2}, and let

SH = (S, ?)

be an (m,n)-SuperHyperStructure of arity k, i.e.,

? :
(
PSm(S)

)k −→ PSn(S).

Then there exists a Mixed SuperHyperStructure of depth ≤ 2,

SHmix =
(
(Sa)a∈T , (?µ)µ∈M

)
,

with a singleton type set T = {a} and Sa = S, such that SH is recovered as
the unique operation of SHmix on the homogeneous profile

µ =
(
(a,m), . . . , (a,m) | (a, n)

)
.

In particular, every (m,n)-SuperHyperStructure (with m,n ≤ 2) is a special
case of a Mixed SuperHyperStructure.

Conversely, if T is a singleton, then every Mixed SuperHyperStructure of
depth ≤ 2 is canonically a family of (possibly many) superhyperoperations
?µ : (PSd(S))

k → PSe(S) on the same base set S, and hence contains ordinary
(m,n)-SuperHyperStructures as homogeneous special cases.

Proof. Let T = {a} and set Sa := S. Let M := {µ} with

µ =
(
(a,m), . . . , (a,m) | (a, n)

)
,

and define ?µ := ?.
By construction,

Dom(µ) = PSm(Sa)× · · · × PSm(Sa)︸ ︷︷ ︸
k factors

= (PSm(S))
k,

Cod(µ) = PSn(Sa) = PSn(S),

so ?µ : Dom(µ) → Cod(µ) is a well-defined mixed superhyperoperation. Hence
SHmix =

(
(Sa)a∈T , (?µ)µ∈M

)
is a Mixed SuperHyperStructure of depth ≤ 2,

and under the identification Sa = S we recover the original (m,n)-operation
?.

For the converse, if T = {a} then all base sets coincide with S := Sa,
and each profile µ = ((a, d1), . . . , (a, dk) | (a, e)) simply specifies a map ?µ :
PSd1(S)×· · ·×PSdk(S) → PSe(S). Taking d1 = · · · = dk = m and e = n yields
an ordinary (m,n)-SuperHyperStructure as a homogeneous special case.
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4 Open Problems
In this paper, we list several open problems.

• Extension via Mixed SuperHyperStructures. Can Mixed Super-
HyperStructures genuinely extend classical hyperstructures and super-
hyperstructures, and which minimal axioms (associativity/identity/in-
verses, if any) are appropriate?

• Typed isomorphisms and invariants. What is the right notion of
type-preserving isomorphism, and which invariants classify Mixed (Su-
per)HyperStructures up to such isomorphisms?

• PS1-reduction and realizability. Which Mixed HyperStructures arise
as PS1-reductions of Mixed SuperHyperStructures?

• Higher depth. How should the definitions and reductions be extended
to depth > 2, and what coherence conditions are needed for well-defined
iterated reductions?

• Examples and closure. Construct nontrivial classes of examples and
determine their closure under substructures, products, and quotients.
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