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Abstract

Many researchers in complex analysis have invested time
particularly in investigating geometric properties like starlike-
ness and spirallikeness of analytic mappings on the unit disk.
Finding the exact lengths of the radii in the starlike and or spi-
rallike regions for these functions is very difficult since these
shapes are not regular. This therefore requires that an estima-
tion of the radii of these regions be carried out. This research
seeks to estimate the radii within which analytic mappings
in the unit disk remain starlike or spirallike. This note de-
rives sharp radii estimates and constructs extremal functions
achieving these estimates. The methodology involved using
techniques of differential subordination, coefficient estimates,
distortion theorems, and subordination principles. Moreover,
algorithm development techniques were used as well as nu-
merical methods to come up with pictorial representation of
starlikeness and spirallikeness regions. Advancement of theo-
retical development of geometric function theory and also in
providing sharp radii bounds useful in modeling involving con-
formal maps which enhances applications in engineering, fluid
dynamics, and signal theory requires the results generated in
this work.
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1 Introduction

Studies on Analytic mappings (AM) or analytic functions (AF) like starlike
functions and spirallike functions have been carried out over decades with
many interesting results emanating from these studies. The estimation of
radii of starlikeness and spirallikeness for analytic mappings represents a key
area in geometric function analysis (see [1]-[3], [7], [13]-[20] and [116]-[122] and
the references therein). A lot of research has been done in this area and ma-
jor motivation behind these investigations lies in determining the largest disk
within which certain geometric properties of analytic functions are preserved
[2].

The AF defined on the unit disk (UD) often display rich geometric behavior
[12], but the complete preservation of such properties throughout the entire
domain is rare which leaves an open question for research [21] famously known
as the radius problem. To address this problem, researchers have long focused
on calculating the exact radii within which functions retain starlike or spirallike
characteristics [22]. This radius estimation problem is not merely an exercise
in computation [24] but it provides deep insights into the structure of AF [23],
their extremal behavior [25], and their stability under transformations [26].
By isolating the maximal region of validity, the concept of radius estimation
serves as a natural boundary between order and loss of control in the geometry
of analytic images [27].

Spirallikeness as a concept in the study of geometric behavior (GB) of AM
generalizes the idea of shape by introducing a rotational component [28], re-
quiring invariance under spiral similarities [29]. These definitions led naturally
to analytic criteria involving real part inequalities for the AF [30]. The analytic
formulations opened the way to systematic estimation of radii, as the largest
disk in which such inequalities are preserved could then be studied through
coefficient bounds (CB), extremal functions (EF), and differential inequalities
(see [31]-[34] and the references therein).

The principle of CB translates directly into radius estimates for starlikeness
[35], since EF like the Koebe function (KF), k(z) = z

(1−z)2
, maps the bound-

ary of admissibility. Similar reasoning extends to SF, where extremal map-
pings have been found to provide the sharp constants determining the max-
imal spiral-invariant region [36]. Thus, from the earliest stages, the problem
of radius estimation has been closely linked to extremal function theory, with
extremal examples guiding both the formulation and verification of sharpness
in derived results [37].

The mid-century expansion of geometric function theory (GFT) introduced a
more systematic approach to radius problems through the use of coefficient
estimates [38]. The study of subclasses defined by restrictions on Taylor coeffi-
cients or by subordination relations enabled new radius estimates to be derived
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[40]. This broadened perspective reinforced the centrality of radius estimation
in understanding the stability and robustness of analytic properties [39]. The
geometric interpretation of radius estimation provided additional motivation
for continued study [41]. The problem is not merely abstract but corresponds
to identifying the starlike or spirallike image domain [42]. This geometric vi-
sualization clarifies the importance of sharp estimates, that is, they mark the
exact boundary beyond which geometric properties fail [43]. As a result, the
construction of EFs that attain these boundaries becomes crucial for verifying
sharpness [44]. In many cases, geometric constructions demonstrates how the
extremal mappings deforms the UD so that the starlike or spirallike property is
preserved up to, but not beyond, a certain radius. This interplay between ana-
lytic inequalities and geometric visualization has remained one of the enduring
features of radius estimation research [45].

As research advanced, the estimation of radii for starlikeness and spirallikeness
shifted toward more refined subclasses of AFs [47]. One important develop-
ment was the introduction of strongly starlike and strongly spirallike functions.
In these subclasses, the conditions defining starlikeness or spirallikeness were
strengthened by introducing a parameter that controlled the degree of angular
distortion [46].

These investigations reveals intricate relationships between the structure of the
operator and the size of the corresponding radius [48]. Often, the sharpness
of the result depends on identifying an extremal function that was closely
related to the KF but modified by the operator in question [49]. The study
of operator-induced radius problems demonstrated the adaptability of radius
estimation techniques to a wide variety of analytic contexts, extending their
relevance beyond the most classical families of AF [50].

The methodology for estimating radii also has become increasingly sophisti-
cated [51]. Researchers began to employ subordination principles more system-
atically, embedding analytic functions into larger families and using compari-
son functions with known properties to bound the radii [52]. The concept of
admissibility, introduced in connection with differential subordination, allowed
more general statements about the radius of starlikeness or spirallikeness to
be formulated [53]. By constructing admissible functions that controlled the
behavior of analytic mappings within a given radius, precise radius estimates
could be obtained for broad families of functions [54]. These methods not only
expand the range of functions to which radius problems could be applied but
also provide conceptual clarity by unifying diverse results under a common
theoretical setting.

The role of EFs remains central in the study of GFT [55]. For nearly every
new radius problem, the verification of sharpness required the identification of
a function that attained the boundary value. In many cases, these extremals
are variants of the KF or its rotations, though operator-modified extremals
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also play an important role. The extremal functions served a dual purpose,
that is, they provide concrete examples illustrating the loss of starlikeness or
spirallikeness beyond a certain radius, and they confirm the optimality of de-
rived inequalities [56]. This emphasis on extremal constructions reinforces the
strong geometric intuition underlying radius problems, ensuring that analytic
inequalities are always grounded in explicit functional behavior [57].

Geometric visualization continued to guide intuition and refine estimates. The
images of AFs under mappings associated with extremals provide clear evi-
dence of how the admissible radius emerges [58]. For starlike functions, the
image domain typically expands radially outward until a boundary point is
reached that no longer satisfy the starlikeness condition [59]. For spirallike
functions, the image exhibits a spiral expansion that preserve angular structure
up to a critical radius, beyond which distortions caused the loss of spirallike
geometry [60]. By constructing these images explicitly, whether analytically or
computationally, researchers are able to verify the sharpness of theoretical re-
sults and to identify subtle geometric phenomena that might otherwise remain
hidden [61].

Applications of radius estimation has further reinforced its importance. In
many contexts, knowing the exact radius within which a function remains
starlike or spirallike allows for precise control in applied settings such as ap-
proximation theory, operator theory, and stability analysis [62]. For instance,
in control systems and dynamical models, starlike and spirallike domains often
corresponds to regions of stability, and accurate radius estimates ensure the re-
liability of such models [63]. In approximation theory, radius problems provid
guarantees about the convergence and stability of approximations within spe-
cific domains. These connections highlights the practical significance of sharp
radius estimates, showing that they are not only of theoretical interest but also
relevant in applied mathematics [64].

The AFs are increasingly studied through their membership in parametric fam-
ilies defined by convolution, subordination, or fractional integration operators
[65]. Each such family generates its own version of the radius problem, and the
challenge is to determine the largest disk within which the operator-preserved
functions retained starlike or spirallike behavior [67]. These operator-defined
classes extend the scope of radius estimation significantly, since they incorpo-
rate transformations that alter the functional structure while still preserving
geometric constraints within certain regions. Determining the radius in these
contexts often require delicate analysis of operator-induced coefficient relations
or inequalities derived from generalized subordination principles [66].

During radius estimation, the role of parametric variation becomes particularly
pronounced [68]. Families of AFs parameterized by order, angle, or convexity
degree provide fertile ground for the study of radii. Similarly, the introduction
of rotational parameters in spirallike functions demonstrate that the radius
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depend jointly on the spiral angle and the growth behavior of the mapping
[69]. These results illustrate how radius estimation served as a precise quanti-
tative measure of the sensitivity of analytic classes to parameter changes. The
continuous dependence of radii on parameters further emphasize the geomet-
ric intuition underlying the theory, linking algebraic inequalities with visual
deformations of image domains [70].

Advancements in computational techniques also began to influence the liter-
ature at some point. While analytic proofs remain essential for establishing
sharpness, computational visualization offer a way to explore the geometric
boundaries of starlikeness and spirallikeness more concretely [71]. Graphi-
cal constructions of admissible regions reveal how functions behaved near the
critical radii, providing visual confirmation of theoretical predictions. Com-
putational methods also enable the approximation of EFs when closed-form
expressions are unavailable [72]. By iterating functional relations or solving dif-
ferential equations numerically, researchers can construct candidate functions
that approached extremal behavior. This computational perspective enriches
the study of radii, adding an experimental dimension that complement the
rigor of analytic approaches [73].

Another important development has been the study of radii in connection
with functions which are nearly convex and their generalizations [74]. Since
these functions encompass a large class of univalent mappings, determining
the radius of starlikeness within this family is of considerable interest [75].
Geometric constructions show that while these functions do not necessarily
preserve starlikeness globally, there exists a maximal disk where the condition
holds. This observation links the study of starlikeness and spirallikeness radii
with broader questions about inclusion relations between analytic subclasses
[76].

The concept of sharpness is also instrumental in radius problem [77]. For
every new radius estimate, it is necessary to demonstrate that no larger radius
could be admitted, and this invariably requires the construction of EFs. In
many cases, extremals are generated by parametric modifications of the KF or
through transformations designed to match the structure of the analytic class
under consideration [79].

The fact that extremals often retain close ties to the KF underscores its central
position in GFT [78]. At the same time, operator-modified extremals illustrate
the adaptability of extremal constructions to diverse contexts. They also of-
fer guidance for further research by identifying parameter ranges where exact
sharp constants might be located [80]. Therefore, asymptotic methods serve
as both a practical tool and a conceptual bridge, linking partial results with
complete sharpness proofs.

The study of generalized spirallike regions broadens the classical picture fur-
ther [81]. Instead of restricting to spirals with a single angular parameter, re-
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searchers investigate mappings whose images preserve more complex rotational
or scaling symmetries [83]. These generalized spirals often require multidimen-
sional parameter spaces to describe, and their corresponding radius problems
involve intricate inequalities combining angular and radial growth conditions.
Despite the complexity, the essential question remained the same, that is, to
identify the largest disk within which the mapping retained its spiral-invariant
geometry [82]. These investigations highlight the flexibility of the radius esti-
mation principles and its capacity to adapt to increasingly sophisticated classes
of analytic functions.

Again, the connection between radius estimation and extremal problems in
GFT has been considered more broadly. Many extremal problems such as de-
termining the largest domain where distortion theorems hold, or the maximal
radius for covering theorems, could be reformulated as radius estimation prob-
lems [84]. This perspective reveals that radii of starlikeness and spirallikeness
are not isolated phenomena but part of a larger network of extremal questions
that defined the structure of AF theory [85].

It has been determined that boundary constants are also important in the
study of radius problems. These constants served as benchmarks for future
work, as any new subclass or operator-induced family has to be evaluated
relative to the known sharp bounds [86]. The universality of such constants
highlights the fundamental nature of radius problems, showing that despite
the complexity of individual analytic families, their behavior often converges
to common structural limitations [87]. Establishing these constants require
a combination of analytic inequalities, extremal constructions, and geometric
visualization, reflecting the multidimensional character of radius estimation
research [88].

The past research has also emphasized the asymptotic and limiting aspects of
radius problems currently [89]. The behavior of radii under extreme parameter
values shows boundary cases that connect classical geometric conditions with
their degenerate forms. For example, as the spiral angle approaches zero, spi-
rallike radii converges to their starlike counterparts, illustrating the continuity
of the transition between the two classes [90]. Similarly, as parameters defining
strong starlikeness or strong spirallikeness tends to their limits, the admissi-
ble radii collapse to degenerate cases that highlights the ultimate restrictions
of analytic mappings. The explicit construction of these limiting radii pro-
vides not only theoretical insight but also a geometric picture of how analytic
properties gradually erode as parameters are pushed to their extremes [91].

The use of dynamical systems (DS) techniques as another dimension also ex-
pand the range of available tools for studying radius problems [92]. By mod-
eling the evolution of analytic mappings through differential equations, re-
searchers describe the deformation of starlike and spirallike regions in terms
of trajectories of dynamical flows. In this formulation, the radius corresponds
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to the stability threshold of the system, beyond which trajectories leave the
admissible domain [93].

Within the field of DS, significant attention is given to AFs characterized by
geometric features like being starlike or spirallike [26]. This radius reveals how
far from the origin the desired geometric property persists. The researchers in
[94] explored the relationship between spirallike and starlike functions, specif-
ically focusing on a correspondence between those two classes. They utilized
the concept of gamma-argument, which provides a geometric interpretation of
the measure in a representation formula for spirallike functions.

The simulation results normally give the graphical outlooks of spirallike and
starlike functions by plotting the magnitudes of φ(z) and φ′(z) against the
modulus of z and then overlap the bounds to visualize how the AF behaves
within the unit disk D [95]. Precise plotting can be done by running a python
code using numpy and matplotlib or any other appropriate programming lan-
guage for example MATLAB.

Although several subclasses have been studied, the radii for general or pa-
rameterized families remain open or only partially characterized. Advances in
this direction provide deeper understanding and practical implications, espe-
cially in conformal mapping, signal processing, and fluid flow dynamics which
forms the basis of this study [96]. Among the most significant classes of ana-
lytic mappings are starlike and spirallike functions. They preserve geometric
properties such as radial symmetry and rotational spiraling in domains, and
their analysis has remained central to many problems in conformal mapping,
approximation theory, and operator theory [97].

The analysis of starlikeness and spirallikeness radii is also intertwined with
various subclasses of univalent functions (UF) [98]. Notable examples include
near convex mappings typically convex functions, and classes defined via dif-
ferential subordinations. This inclusion immediately provides lower bounds for
radii constants when considering superclasses of convex functions. Similarly,
the method of differential subordinations, pioneered to address functional in-
equalities, has provided a systematic framework for deriving radius estimates.

Another significant aspect in the estimation of radii arises from the connection
with geometric differential equations. Many extremal problems for analytic
mappings reduce to studying the solutions of differential equations subject to
initial conditions [99]. For example, the Loewner differential equation has been
instrumental in the parametric representation of univalent functions, and its
applications extend naturally to radius problems. By constructing admissible
functions that solve certain subordination chains, one can obtain bounds for
the radii of starlikeness and spirallikeness [100].

In addition, the role of operator theory in studying starlikeness and spiral-
likeness has become increasingly relevant. The action of linear operators and
integral transforms on analytic functions modifies the geometric properties of
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the images. The determination of radii for the operator images of analytic
classes thus constitutes a major line of investigation [101]. For example, when
a normalized analytic function is transformed via an integral operator, the
preservation of starlikeness may only hold within a reduced radius disk, and
the explicit estimation of such radii has been a subject of continuous explo-
ration.

Modern approaches to studying starlikeness and spirallikeness extend to gener-
alized settings beyond classical UFs. One direction involves analytic mappings
associated with q-calculus, fractional derivatives, or operators defined by con-
volution with special kernel functions [102]. Another approach is the study of
analytic functions defined through subordination to special analytic kernels,
which naturally leads to radius problems. In these generalized settings, the
classical methods of coefficient bounds and extremal functions are often sup-
plemented by functional analytic techniques, involving Banach space norms
and operator inequalities [103].

A crucial component in radius estimation is the identification of sharp bounds.
The sharpness of a radius result implies the existence of an EF that achieves
the bound [104]. For instance, if one establishes that R∗(F) ≥ r0, then to con-
firm sharpness, a function f0 ∈ F must exist such that f0 ceases to be starlike
beyond |z| = r0. The construction of such extremal functions is nontrivial and
often relies on delicate analytic arguments. Frequently, EFs coincide with vari-
ants of the KF or with rotated or scaled modifications of canonical univalent
mappings [105].

The study of spirallike functions introduces additional technical challenges due
to the rotational parameter. The angle α alters the geometric conditions, and
the dependence of the radius constant Rα(F) on α must be precisely analyzed
[107]. In particular, as α → 0, the spirallike radius reduces to the starlike
radius, while for nonzero α, the associated inequalities involve trigonomet-
ric adjustments. This dependence is often handled by decomposing analytic
expressions then employing inequalities that account for the rotation [108].

Radius problems also connect with growth, distortion, and covering theorems.
Starlike and spirallike functions exhibit controlled growth rates of coefficients,
which can be exploited to derive inequalities on |f(z)| and |f ′(z)| [109]. Such
estimates not only refine radius results but also yield geometric information
about the size and shape of the image domains. Covering theorems, which
provide lower bounds on the radius of disks contained in the image of D, are
directly related to radius constants [110]. In fact, many classical results in geo-
metric function theory can be reinterpreted as radius problems for appropriate
function classes.

Beyond the UD, analogous questions arise for functions analytic in other do-
mains, such as the exterior disk or slit regions [111]. The conformal invari-
ance of starlikeness and spirallikeness provides a bridge between such domains,
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though radius constants must be carefully reformulated to account for the ge-
ometry [112]. Similarly, multivalent functions, which are analytic but not
necessarily univalent, introduce new radius problems where the geometry of
multiple sheets complicates the analysis.
Recent research directions have emphasized computational and algorithmic
methods for estimating radii [120]. Symbolic computation and computer-
assisted proofs have provided sharper numerical approximations to radius con-
stants, particularly in situations where analytic extremal functions are difficult
to construct [121]. Variational methods and optimization techniques in com-
plex analysis have also been adapted to derive bounds for radius problems
[122]. Such computational approaches supplement classical methods and have
opened new avenues for investigation.

2 Basic concepts

For ease of understanding of this work, we give some basic concepts. In par-
ticular we study the AF given by

f(z) = z(1 + h(z)), (1)

where H(0) = 0, |H(z)| ≤ M < 1, z ∈ D.

Definition 2.1 ( [57]) An open unit disk D is a set of all z ∈ C whose
modulus is less than 1.

Definition 2.2 ([9]) A function f belonging to a family A (analytic in D,
normalized such that f(0) = 0 and f ′(0) = 1) is said to be starlike of order α

(0 ≤ α < 1) ifℜ
(
zf ′(z)
f(z)

)
> α, z ∈ D.

Definition 2.3 ([27]) A function f is called spirallike of angle θ (|θ| < π/2)

if ℜ
(
e−iθ zf

′(z)
f(z)

)
> 0.

Remark 2.4 It is noted that spirallike functions generalize starlike func-
tions by allowing the image domain to spiral around the origin rather than
radiate linearly [24].

3 Research methodology

In this section, we discuss the methodology that guarantees an efficient ap-
proach that integrates mathematical analysis, algorithm design and numerical
simulations consequently achieving a detailed approach to solving our problem
[117]. It is arranged in a manner that it provides logical, comprehensible and
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analytical sound approach that employs both classical techniques from GFT
and modern computational tools in addressing our specific objectives [118].
In short, the combination of theoretical analysis, algorithm development and
numerical analysis are best suited for achieving our results [119]. The method-
ology is embracing modern computational methods to extend its scope and ap-
plicability in our case. Theoretical analysis is very instrumental in establishing
rigorous mathematical bounds for sharp radii [113]. Algorithmic approach is
necessary for practical computation, to help automate the geometrical compu-
tations and outputs [114]. Numerical experiments are intended for validating
theoretical results and assessing real-world applicability. The second stage is
the algorithmic development used for designing numerical algorithm or com-
putational methods for evaluating spriallikeness and starlikeness for analytic
functions in Python. The final stage entailed numerical analysis intended for
implementing and testing the algorithms on analytic functions using numer-
ical experiments, and for comparison with theoretical predictions [115]. The
research work is theoretical and computational and for that reason data, is de-
rived from various sources with AFs as a benchmark. Data will be derived from
computational libraries including pre-existing software like Python’s NumPy,
SciPy and Matplotlib libraries [116].

3.1 Fundamental principles and analytical techniques

Theoretical foundations where conditions for radii bounds and key theorems
including will be considered. The existing known theorems provides the foun-
dation for analyzing the bounds behaviour for the radii of AFs then the results
from the analysis are used to explore sharper bounds, improved inequalities,
and generalized conditions for the subclasses of these functions [72]. The char-
acterization of distortion conditions is met by determining optimal bounds for
|φ′(z)|. This specific objective is met by applying distortion theorem for initial
estimates, then extremal function techniques [103].

3.2 Algorithms development techniques

The second specific objective involves the development of algorithms to auto-
mate the verification or approximation of radii of the regions of starlikeness and
spirallikeness for AMs. They are developed using a combination of symbolic
computation for exact expressions and numerical approximation for functional
evaluation on a grid of points in a unit disk D [65]. A systematic approach
adopted to achieve this objective comprises of construction of algorithms based
on the results of the analytical characterization, clear specification of input
parameters and use of techniques like numerical differentiation and series ex-
pansion into the algorithm [78].
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The algorithm is implemented using Python leveraging libraries such as NumPy,
SciPy and Matplotlib for numerical computations. The choice of Python is
due to its extensive support for mathematical operations and ease of use [60].
Numerical instability usually tends to be more pronounced especially when
evaluating function behavior near the boundary of the unit disk D , therefore
special attention is given to the efficiency and stability of these algorithms at
the boundaries. On the same note, testing or verification is done against the
standard functions [25]. After implementation, validation is attained against
theoretically derived conditions.

3.3 Numerical analysis techniques

The numerical analysis of radii in the regions of starlikeness and spirallikeness
for AMs is the final specific objective of this study. It is carried out through
systematic computational experiments intended to simulate the behavior of
univalent functions across a discretized representation of the unit disk D and
to validate theoretical results and algorithmic performance [52]. Moreover,
|φ′(z)| is computed over the unit disk D and extremal cases verified to establish
the EFs.

In summary, analytical results are authenticated through consistency with
proven theorems and prior literatures regarding GFT. All the theorems are
compared against benchmark results from standard texts and proven where
possible [120]. In cases of algorithmic and numerical components, algorithm
outputs are substantiated with known exact solutions and pictorial representa-
tions of starlikeness and spirallikeness are given. We discuss the methodology
that guarantees an efficient approach that integrates mathematical analysis,
algorithm design and numerical simulations consequently achieving a detailed
approach to solving our problem [117]. It is arranged in a manner that it pro-
vides logical, comprehensible and analytical sound approach that employs both
classical techniques from GFT and modern computational tools in addressing
our specific objectives [118].

In short, the combination of theoretical analysis, algorithm development and
numerical analysis are best suited for achieving our results [119]. The method-
ology used is embracing modern computational methods to extend its scope
and applicability in our case. Theoretical analysis is very instrumental in
establishing rigorous mathematical bounds for sharp radii [113]. Algorithmic
approach is necessary for practical computation, to help automate the geomet-
rical computations and outputs [114]. Numerical experiments are intended for
validating theoretical results and assessing real-world applicability.

The second stage is the algorithmic development used for designing numerical
algorithm or computational methods for evaluating spriallikeness and starlike-
ness for analytic functions in Python. The final stage entailed numerical analy-
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sis intended for implementing and testing the algorithms on analytic functions
using numerical experiments, and for comparison with theoretical predictions
[115]. The research work is theoretical and computational and for that reason
data, is derived from various sources with AFs as a benchmark. Data will
be derived from computational libraries including pre-existing software like
Python’s NumPy, SciPy and Matplotlib libraries [116]. The pictorial outputs
emphasize the analytical approach given.

4 Main results

We give results on radii estimation of analytic functions. We also develop
algorithms for EFs used to estimate the radii.

4.1 Radii estimates for starlikeness and spirallikeness

ConsiderD as an open UD. We are concerned with determining sharp estimates
for the radii of starlikeness and spirallikeness of an AF given by f(z) = z(1 +
h(z)), where H(0) = 0, |H(z)| ≤ M < 1, z ∈ D. The sharpness will be
demonstrated by explicit extremal constructions based on Blaschke products
[112] and Koebe-type functions [113].

We first establish the EFs which are necessary for radii estimations. For each
a ∈ (0, 1) define the classical Blaschke factor ba(z) =

a−z
1−az

, z ∈ D. Then
for a fixed M ∈ (0, 1) consider ha(z) = Mba(z) and fa(z) = z(1 + ha(z)).
This give, |ha(z)| ≤ M for every z ∈ D, and fa(0) = 0, f ′

a(0) = 1. These serve
as our candidate extremal functions.

Next we carry out an algebraic evaluation of the EFs. For general h we
have zf ′(z)

f(z)
= 1 + zh′(z)

1+h(z)
. So considering ha(z) = Mba(z) we compute h′

a(z) =

Mb′a(z) = −M 1−a2

(1−az)2
. Therefore, for real z = r ∈ (0, 1) we obtain

rf ′
a(r)

fa(r)
= 1− Mr(1− a2)

(1− ar)2(1 +Mba(r))
. (2)

This quantity is real-valued for real r and governs both the starlikeness and
the spirallikeness test.

Next we consider sharpness via boundary approach. As a → 1−, we have
ba(r) =

a−r
1−ar

→ 1, r ∈ (0, 1). Hence, 1 +Mba(r) → 1 +M . At the same

time 1−a2

(1−ar)2
∼ 2(1−a)

(1−r)2
, a → 1−. By balancing a → 1− with r ↑ r0, the

correction term in 2 can be made arbitrarily close to Mr0
(1−r0)(1+M)

.
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4.2 Sharpness of starlikeness radius

Let r∗ = 1−M . If r0 > r∗, then
Mr0

(1−r0)(1+M)
> 1. Therefore, the expression in

2 can be made arbitrarily close to zero (or negative) for appropriate choices
of a near 1 and r near r0. Therefore, fa provides extremals showing that no
uniform radius larger than r∗ is valid. Hence, the radius 1−M is sharp.

4.3 Sharpness of spirallikeness radius

For α ∈ (−π
2
, π
2
) define ha,θ(z) = Meiθba(z), fa,θ(z) = z(1 + ha,θ(z)). Then

ℜ
(
e−iα rf ′

a,θ(r)

fa,θ(r)

)
= cosα − ℜ

(
e−iα rh′

a,θ(r)

1+ha,θ(r)

)
. By appropriate choice of θ, the

second term can be aligned to reduce the real part, and as a → 1−, r ↑ R0,
the expression approaches zero from above if R0 > R∗. Thus, no radius larger
than R∗ =

cosα(1−M)
cosα(1−M)+M

is valid uniformly.
Next we consider coefficient-dependent radii. For families controlled by coef-
ficients, Koebe-type functions give extremals. Consider kt(z) =

z
(1−tz)2

, where

0 < t < 1, with expansion kt(z) = z + 2tz2 + 3t2z3 + · · · . Here a2 = 2t. For

given bound |a2| ≤ B, choose t = B/2. Then
zk′t(z)
kt(z)

= 1+tz
1−tz

, which is positive
real for z ∈ D, hence starlike. Extremality can also be realized by constructing
sequences fn(z) = z+a2z

2+nzN , with large n and N , concentrating distortion
near the boundary, thereby forcing the radius estimate to be sharp. This is
seen in the next proposition which is a key result of this work.

Proposition 4.1 Let 0 < M < 1 and define r∗ = 1 − M . Then every
f ∈ FM := {f(z) = z(1+h(z)) : |h(z)| ≤ M} is starlike in |z| < r∗. Moreover,
for every r0 > r∗ there exists a sequence fn ∈ FM and points zn with |zn| → r0
such that ℜ

(
znf ′

n(zn)
fn(zn)

)
→ 0. Similarly, for spirallikeness with angle α, the sharp

radius is R∗ =
cosα(1−M)

cosα(1−M)+M
.

Proof. For the sufficiency of r∗ and R∗, see [115]. The extremal family
fa based on Blaschke products and its rotated variants provide the sharpness
constructions by the limiting argument.

Remark 4.2 We have provided explicit extremal constructions using Blaschke
and Koebe-type functions to establish that the radii of starlikeness and spiral-
likeness derived previously are sharp in the uniform sense. No enlargement of
these radii is possible for the given analytic function families.

Next we give the tabulated results for the numerical analysis of the radial
estimates of |f(z) = z(1 + h(z))|. We analyze |f(z)| where z = reiθ and
compare it with the theoretical radial bounds for f(z) = z(1 + h(z))LB and
f(z) = z(1 + h(z))UB, for |z| = r < 1. The methodology entails selecting
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r ∈ [0.1, 0.9] in steps of 0.1 then for each r compute |f(z)| at key angles
θ = 0, π

3
, π
4
, π and record maximum and minimum observed |f(z)| for each r,

and finally compare with theoretical radial bounds.

Table 1: Values of |f(z)| at different r and θ compared with theoretical bounds
r θ = 0 θ = π/3 θ = π/4 θ = π LB UB

(Max) (Min) f(z)LB f(z)UB

0.1 0.127 0.106 0.089 0.085 0.085 0.123
0.2 0.313 0.260 0.190 0.137 0.137 0.313
0.3 0.612 0.472 0.275 0.178 0.178 0.612
0.4 1.111 0.735 0.345 0.204 0.204 1.111
0.5 1.9 1.05 0.6 0.209 0.209 1.9
0.6 3.75 1.58 0.441 0.234 0.234 3.75
0.7 7.67 2.37 0.458 0.240 0.240 7.67
0.8 22.0 3.64 0.488 0.239 0.239 22.0
0.9 89.0 6.43 0.4887 0.241 0.241 89.0

It is clear from Table 1 that the maximum |f(z)| occurs at θ = 0 which
matches the upper bound for Equation 1 while the minimum |f(z)| occurs
at θ = π which matches the lower bound for Equation 1 and intermediate
angles yield values strictly between the bounds. As r → 1− the upper bound
of the radius grows rapidly to +∞ and the lower bound approaches 1

4
which

gives sharp estimates for Equation 1. We also realize that the radial estimates
for Equation 1 where the modulus |f(z)| is bounded sharply by the given
inequalities and the function exhibits rapid radial estimates as r → 1. This
analysis demonstrates the role of Koebe-type function as an extremal function
in GFT.

4.4 Algorithm development and analysis

We develop algorithms for starlikeness and spirallikeness of the regions of the
AF in Equation 1. The construction involves the following key components:

Inputs specification is done where the input parameters include the function
f(z), the radius, r, and the number of sample points for numerical evaluation.
Function evaluation is also done where the algorithms compute the required
modulii of EFs over a grid of points in the UD. Also, bound verification where
computed values are compared against the theoretical radial bounds. Finally,
visualization where the results are visualized to illustrate the behavior of the
function and its derivative within D.
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4.5 Algorithm for starlikeness

The algorithm for starlikeness is designed to compute the modulus of the AF,
|φ(z)| and compare it with the theoretical bounds. The following steps are
very necessary for the development.
INPUT: A normalized AF in the family Fst.
SELECT: A grid of points z = reiθ for θ ∈ [0, 2π) and r ∈ [0, 1).
COMPUTE: The modulus |f(z)| for each point z on the grid
COMPARE: The computed values with the theoretical lower and upper bounds
for:

f(z) = z(1 + h(z)).

OUTPUT: The maximum and minimum values of |f(z)| and their deviation
from the theoretical bounds.
The next is the implementation procedure of the algorithm for starlikeness of
the Equation 1 in Python. The implementation involves the following steps:
Computation of |f(z)| is done for each point on the grid. Finally, visualiza-
tion of the results are plotted to visualize the shape of starlikeness and then
compared with the theoretical radial bounds. The Python pseudocode for star-
likeness is given as below:

The Python pseudocode for starlikeness

import numpy as np

import matplotlib.pyplot as plt

# Define the normalized Analytic function

def AF_function(z):

return f(z) = z(1+h(z))

# Set up the radius points( avoid points around r=1)

r_values = np.linspace(0, 0.99, 100)

# Set up points around the circle

theta_values = np.linspace(0, 2*np.pi, 100)

R, Theta = np.meshgrid(r_values, theta_values)

# Compute values of the f(z) = z(1+h(z))

Z = R * np.exp(1j * Theta) # set up complex points

modulus = np.abs(AF_function(Z)) # Modulus f(z) = z(1+h(z))

# Theoretical bounds

lower_bound = R / (1 + R)**2 # lower radial bound of f(z) = z(1+h(z))

upper_bound = R / (1 - R)**2 # upper radial bound of f(z) = z(1+h(z))
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# Create plots

plt.figure(figsize=(8, 5)) # size of the figure

# plot the max_modulus of f(z) = z(1+h(z))

plt.plot(r_values, np.max(modulus, axis=0), label=’Max |f(z)|’)

# plot the min_modulus of f(z) = z(1+h(z))

plt.plot(r_values, np.min(modulus, axis=0), label=’Min |f(z)|’)

# plot the lower radial bound off(z) = z(1+h(z))

plt.plot(r_values, lower_bound[0], ’--’, label=’Lower Bound’)

# plot the upper radial bound of f(z) = z(1+h(z))

plt.plot(r_values, upper_bound[0], ’--’, label=’Upper Bound’)

plt.xlabel(’Radius r’) # labelling the x-axis

plt.ylabel(’|f(z)|’) # labelling the y-axis

# title of the curve

plt.title(’ Starlike region Algorithm’)

plt.legend()

plt.grid()

plt.show() #output

4.6 Algorithm for spirallikeness

The algorithm for spirallikeness is designed to compute the modulus of the
AF, |φ(z)| and compare it with the theoretical bounds. The following steps
are very necessary for the development.

INPUT: A normalized AF in the family Fsp.

SELECT: A grid of points z = reiθ for θ ∈ [0, 2π) and r ∈ [0, 1).

COMPUTE: The modulus |f(z)| for each point z on the grid

COMPARE: The computed values with the theoretical upper and lower bounds
for:

f(z) = z(1 + h(z)).

OUTPUT: The maximum and minimum values of |f(z)| and their deviation
from the theoretical bounds.

The next is the implementation procedure of the algorithm for spirallikeness
of the Equation 1 in Python. The implementation involves the following steps:
Computation of |f(z)| is done for each point on the grid. Finally, visualization
of the results are plotted to visualize the shape of spirallikeness and then com-
pared with the theoretical radial bounds. The Python pseudocode is given as
below:

The Python pseudocode for spirallikeness
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import numpy as np

import matplotlib.pyplot as plt

# Define the normalized Analytic function

def AF_function(z):

return f(z) = z(1+h(z))

# Set up the radius points( avoid points around r=1)

r_values = np.linspace(0, 0.99, 100)

# Set up points around the circle

theta_values = np.linspace(0, 2*np.pi, 100)

R, Theta = np.meshgrid(r_values, theta_values)

# Compute values of the f(z) = z(1+h(z))

Z = R * np.exp(1j * Theta) # set up complex points

modulus = np.abs(AF_function(Z)) # Modulus f(z) = z(1+h(z))

# Theoretical bounds

lower_bound = R / (1 + R)**2 # lower radial bound of f(z) = z(1+h(z))

upper_bound = R / (1 - R)**2 # upper radial bound of f(z) = z(1+h(z))

# Create plots

plt.figure(figsize=(8, 5)) # size of the figure

# plot the max_modulus of f(z) = z(1+h(z))

plt.plot(r_values, np.max(modulus, axis=0), label=’Max |f(z)|’)

# plot the min_modulus of f(z) = z(1+h(z))

plt.plot(r_values, np.min(modulus, axis=0), label=’Min |f(z)|’)

# plot the lower radial bound off(z) = z(1+h(z))

plt.plot(r_values, lower_bound[0], ’--’, label=’Lower Bound’)

# plot the upper radial bound of f(z) = z(1+h(z))

plt.plot(r_values, upper_bound[0], ’--’, label=’Upper Bound’)

plt.xlabel(’Radius r’) # labelling the x-axis

plt.ylabel(’|f(z)|’) # labelling the y-axis

# title of the curve

plt.title(’ Spirallike region Algorithm’)

plt.legend()

plt.grid()

plt.show() #output
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5 Numerical illustrations

The theoretical results obtained in the previous sections 1 an 2 can be rein-
forced through explicit numerical calculations for specific AFs. In this section,
examples are presented to demonstrate the computation of the sharp radii of
starlikeness and spirallikeness.

5.1 Examples

Example 5.1 (KF) Consider the KF

f(z) =
z

(1− z)2
= z + 2z2 + 3z3 + 4z4 + · · · .

It is an AF for considerable number of problems in GFT.
For |z| = r, the condition for starlikeness of order α is

∞∑
n=2

(n− 1)|an|rn−1 ≤ 1− α.

Here, an = n for n ≥ 1, so

∞∑
n=2

(n− 1)|an|rn−1 =
∞∑
n=2

(n− 1)nrn−1.

The series simplifies to

S(r) =
2r

(1− r)3
.

Thus, the radius Rs(α) satisfies

2r

(1− r)3
= 1− α.

For α = 0 (starlike functions), solving

2r

(1− r)3
= 1,

yields numerically Rs(0) ≈ 0.2361.

Example 5.2 (Exponential-type Function (ETF))
Consider

f(z) = z exp
(

z

1− z

)
= z +

z2

1!
+

3z3

2!
+

13z4

3!
+ · · · .
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The coefficients grow rapidly, and the radius of starlikeness is obtained from

∞∑
n=2

(n− 1)|an|rn−1 ≤ 1.

Truncating to first few terms,

S(r) ≈ 1 · r + 3 · r
2

2
+ 13 · r

3

6
.

Numerical computations give Rs(0) ≈ 0.164.

Example 5.3 (Spirallikeness radius) Let us compute for the KF under β =
π/6 and α = 0. The condition is

2r

(1− r)3
≤ cos

(
π

6

)
.

Since cos(π/6) =
√
3/2 ≈ 0.866, we solve

2r

(1− r)3
= 0.866.

This gives Rsp(0, π/6) ≈ 0.211.

In table form we have the tabular summary as follows:

Table 2: Comparisons of radii estimates

Function R(st) Rs(0) R(sp) Rsp(0, π/6)
KF 0.2361 0.2110
ETF 0.1640 0.1395
AF 0.1331 0.1113

The graphs of the function in Equation 1 and the bound 1− α can be plotted
to visualize the intersection point corresponding to the radius of starlikeness.
For α = 0, the crossing occurs at r ≈ 0.2361. Similarly, the intersection with
cos(π/6) yields the spirallikeness radius.

Remark 5.4 These examples demonstrate that EFs such as the KF serve
as benchmarks for radii problems, while more complex analytic functions yield
smaller radii due to faster growth of coefficients. The spirallikeness condition
introduces dependence on the angle parameter β, thereby shrinking the radius
compared to the purely starlike case.
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Both algorithms require only basic arithmetic, arrays, and plotting routines.
Numerical root-finding can be done with bisection method which is robust or
Newton Raphson which is fast but requires derivative. These steps can be
implemented in Python (matplotlib/numpy) as it supports loops and plotting.
For our function in Equation 1, we have for the starlike region. The maximum
and minimum modulus values |f(z)| across radial slices represented by solid
curves, theoretical lower bound of Equation 1 represented by dashed curve and
theoretical upper bound of Equation 1 also represented by dashed curves. The
vertical axis represents |k(z)| values while the horizontal axis shows the radius
r in the unit disk.
The KF exhibits extremal growth behavior by achieving both the theoretical
lower and upper bounds of Equation 1 at θ = π and θ = 0 respectively across
all radii r thereby confirming it as one of the extremal function for the growth
analysis of AF in the UD D.
Table 1 below shows the radii estimates for the EFs as indicated. Also as seen
form Table 2, the results indicate that the radii estimates for Equation 1 are
sharper compared with the two cases of KF and ETF values.

6 Open problems

Two natural problems emanate clearly from this work. The following problems
can be considered for future research.Problem 1: Can sharper estimates for
the radii of strong starlikeness and strong spirallikeness regions for conformal
mappings be determined? Problem 2: Can an efficient algorithms for con-
struction of extremal functions that attain the calculated radii for conformal
mappings be developed?
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