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Abstract

In this paper, we apply the Kharrat-Toma Iterative Method (KTIM) for
solving some fractional differential equations with caputo deriwative. This
method is combined from the Iterative method and Kharrat-Toma Transform.
The obtained results are compared with the exact solutions and some examples
are given to show the accuracy of the method.
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1 Introduction

In recent years, there is great interest in fractional differential equations due
to their effective applications in many fields of science and engineering [8, 9,
10, 17, 18, 21]. Several numerical methods [1, 2, 3, 4, 5, 6, 7| exist for find-
ing approximate solutions to these equations. Among these methods is the
Kharrat-Thomas Iterative Method (KTIM) [16], which provides an efficient
approach for finding explicit and numerical solutions for a wide class of frac-
tional differential equations.
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In this paper, we applied the Kharrat-Toma Iterative Method (KTIM) to
obtain approximate solutions of fractional differential equations and system of
fractional differential equations.

The paper is organized as follows: Section 2 we give some definitions and
properties about fractional calculus. Section 3 we present the Kharrat-Toma
Iterative Method. Section 4 we present some numerical examples of FDEs to
show the effectiveness of the proposed method by means of some comparison
with exact solution.

2 Preliminaries

In this section, we give some definitions and properties which will be used in
this paper. For more details, we refer the interested reader to [12, 14, 15, 19].
Definition 1.1 The Riemann-Liouville fractional integral operator of order
a >0, for a function f € C (|a,b]) is defined as
ﬁ (x—9)*" f(s)ds, a>0,
Jef () = (2.1)

2 ~— 8

I(a)

Definition 1.2 The fractional derivative of f € C™([a,b]) in the sense of
Caputo s defined as:

where —— = [e~ft*dt.
0

Df (z) = F(nl_a)f (z—s)" " fM (s)ds, n—1<a<n,neN zécla,b
(2.2)

Definition 1.3 [14] The function f (z) is said to have exponential order on
every finite interval in [0, +oo[, If there exist a positive number M that satis-

Jying:
|f(z)] < Mer, X>0,2>0.

Definition 1.4 [14] The Kharrat-Toma transform of a function f(x) is ex-
pressed as follows:

Blf(x)] =G (s)=s*[f(x)e dx, x>0, (2.3)
0
The inverse Kharrat-Toma integral transform is defined as:

BG(s) = f (z) = B [sifo f () esz?d:n} | (2.4)
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The B integral transform states that, if f (z) is piecewise continuous on [0, +00)
and has exponential order. The B~ will be the inverse of the B integral trans-

orm.
fThe Kharrat-Toma transform of some functions is as follows:
f(x) Bf(x)] = G (s)
1 50
" nls* > =T (n+ 1) s n >0,
sin (Azx) H’\)\%
cos (Ax) lJrS)\—5254
sinh (A\z) %
cosh (A\x) %

TABLE 1: Kharrat-Toma transform of some functions

The Kharrat-Toma Transform is a linear operator, we have
B S0 o)| = B @) (2.5
k=0 k=0

where A1, A, ..., A\, are mon-zero constants.
Theorem 1.1 The Kharrat-Toma Transform of Caputo fractional derivative

of f(t) of order « is given by
B[YD(f (z)] = s72*G (s) — is%_%‘%f(k) (0),n—1<a<n,neN*
k=0
(2.6)

Definition 1.5 A one-parameter function of the Mittag-Leffler type is defined
by the series expansion

Eo(t) = ;O% (2.7)

3 Basic Idea of Kharrat-Toma Iterative Method

This section discusses a Kharrat-Toma Iterative Method to solve fractional dif-
ferential equation numerically. For more details, we refer the interested reader
to [16].

To clarify the basic ideas of KTIM, we consider the following nonlinear frac-
tional differential equation

D (u(t,x))+R(u(t,z)) + N(u(t,r))=f(t,2), n—1<a<nmneN,
(3.1)
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with the initial condition

u®™ (0, 1) = by (), (3.2)
where ©D® denotes the fractional order derivative in Caputo sense. R is a
linear operator. N is a nonlinear operator and f(¢,x) is a known function.

Applying the Kharrat-TomaTransform to both sides of Fq. (3.1) and by using
the linearity of KharratToma Transform, the result is

B[YDy (u(t,z))] + B[R (u(t,z))] + B[N (u(t,z))] = B[f (t,z)]. (3.3)

Using (2.6), we get

Blu(t,z) = &= <q§3182’“‘2“+5u('“) 0,2) + Bf (t,2)] = B[R (u(t,2))] = BN (u(t, :U))])

k=0
(3.4)
The KTIM represents the solution as an infinite series
u(t,x) = > u, (t, ). (3.5)
n=0

Substituting Eq. (3.5) in Eq. (3.4), we have

3 s2h=2045 (k) (0, 2) + B[f (t,2)] — B {iOR (uy (t, x))]

k=0

o] - :
n= B [N (uo (t, ) + i <iN(un (t,x)) — :ZON (un, (t,a:)))}

n=1 \k=0
(3.6)
Hence the iterations are defined by the following recursive algorithm

Blun (t0)] = e (o200 (0,0) + B1f 1.0

k=0

Blu; (t,z)] = —s_lmB [R(ug (t,x)) + N (ug (t,2))]

Bluy (t,2)] = =2 B | R (up—1 (t, %)) + >N (g (¢,2))
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Using the initial conditions (3.2) and applying the inverse Kharrat-TomaTransform
to equations (3.7) we obtain the values u; (t,z),i € {0,1,...,n}.
Therefore the n-term approximate solution is given by

u(t,x) =wug (t,x) +uy (t,x) +ug (t,x) + ... (3.8)

Theorem 3.1 Let B be a Banach space. If there exists k, 0 < k < 1 such that,
lunl] < klju,—1|| for ¥n € N, then the approzimate solution u (t,x) converges

to S.
Preuve: Define the sequence S;, i =0,1,...,n
Sl = Ug

Sy = up +

53:u0+u1—|—u2

Sn = Uy + U + U+ ... + Up_1,
and prove that (.S;) >0 1s a Cauchy sequence, and we consider
190 = Sl < lluall < Euo,
for p > ¢ > 0, we have
HSp - Sq” = ||Sp = Sp1+5p1 = Sp2 .+ Sg41 — Sq”
< HSp B Sple + HSpfl - Sp72|| + ot HSqH - Sq”
< (KP4 kP4 L+ BT g

kat1 (1_kpfq>

k1 o,

where ug is bounded, and we have
lim ||S, — S, =0.
p,q—00

Therefore, the sequence (S;),, is a Cauchy sequence in B, so the solution of
Eq. (3.1) is convergent.

Remark Similar proofs can be found in [11, 22] .
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4 Numerical examples

In this section, we apply the KTIM method to get the solutions of fractional
partial differential equations.

4.1 Example 1

Consider the fractional Klein-Gordon equation [20]
DX (u(t,x)) =ut,x) + up (t,2), 0<a<1, (4.1)
with the initial condition:
u(0,z) =1+sinuz. (4.2)
The exact solution of (4.1) for the special case a =1 is

u(t,x) =sinx + e (4.3)

Applying the Kharrat-Toma Transform in the Eq. (4.1), then
B[9Dg (u(t,x))] = Blu(t,z) + ug, (t, 2)], (4.4)
Using (2.7) and the initial conditions (4.2), then we have

Bl(u(t,z))] = =5 B [uge (t,2)] + 2= B u(t,2)] + =55 2™ (1 +sinx).
(4.5)
Applying the inverse Kharrat-Toma Transform in Eq. (4.5) we obtain

u(t,z) = B™' [ B lug, (t,2)] + 2= Bu(t, @) + s 2075 (1 +sina)] .
(4.6)

In the view of the recurrence relations (3.7) we get

up (t,2) = (1 +sinz) B [Fzs72™] =1+ sinz

uy (t,2) = B™ [ 2= Buo (t,2)]] + B [ 2% B [uoes (8, 2)]] = 525t

- T'(a+1)

t2a

ug (t,r) = B! [ﬁB [uq (t, ZL‘)H + B! [ﬁB (U140 (8, :17)]] = T2t

t3o¢

ug (t, ) = B™ [ = B luz (1, 2)]] + B [755 B [uaee (1, 2)]] = Faargy

tno

() = B~ [ Bl (1.2)]] + B [ B [uguayer (1.)]] = ity
(4.7)
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Thus the approximate solution of (4.1) is

_ : 1 a 1 2a 1 3a
u(x,t)—1+81nx+r(a+l)t + tEarmt T et T

=sinx + EOMWO‘ =sinx + FE, (1).

When a = 1, the exact solution of the linear fractional Klein—Gordon equation
is as follows:

u(z,t) =sinz + Ey (t) = sinx + €.

Numerical solution Exact solution

(z,7) with KTIM for n = 10 u(z,t) Error

(0,0) 1 1 0
(0,0.25) 1.284025417 1.284025417 0
(0,0.5) 1.648721271 1.648721271 0
(0,0.75) 2.117000017 2.117000017 0

(0,1) 2.718281828 2.718281828 0
(0,1.5) 4.481689067 4.481689070 0.3x107®
(0,75) 5.754602643 5.754602676 0.33x10°7

(0,2) 7.389055882 7.389056099 0.217x107
(0,2.5) 12.18248885 12.18249396 0.511x107°

(0,3) 20.08546859 20.08553692 0.6833x10~*

TABLE 2: Describe a comparison between the exact
solution and the numerical solution using the KTIM of Eq.(4.1) for a« =1

Figure 4.1 is a graph of the exact solution (4.3) and the numerical solution
(4.8) using KTIM method for a = 0.5,0.75 and 1.
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(d)

Fig 4.1: Graph of (4.11) and (4.15)
(a) Exact solution (4.3), (b) Numerical solution (4.8) for v = 0.5,
(¢) Numerical solution (4.8) for v = 0.75, (d) Numerical solution (4.8) for oo = 1.

4.2 Example 2

Consider the following system of linear fractional partial differential equations
[13]

D¢ (u(t,r)) = v, (t, ) —u(t,x) —v(t, )
,0<a,B <1, (4.9)
CDf (v(t,x)) =u, (t,z) —u(t,x) — v (t,z)
with the initial condition:
u(0,z) =sinhz, v (0,z) = coshx. (4.10)

The exact solution of (4.9) for the special case a = § =1 is

u (t,z) = sinh z cosh t — cosh x sinh ¢
(4.11)
v (t,x) = coshx cosht — sinh z sinht
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Applying the Kharrat-Toma Transform in the Eq. (4.9), then

BODE (u(t0)] = 2B o (t.2)) = B [u(t,)) - 2 Blo (4.2)
B(°D] (v (t,2))| = B e (1,2)) = A Blu(t,2)] = L Blv (t,2)
(4.12)
Using (2.6) and the initial conditions (4.10), then we have

Bl(u(t,z)] = Z=Bv. (t,2)] — Z=Blu(t,z)] — Z=Blv(t z)] + s 2 Psinha
Bl(v(t,2))] = 2 Blu, (t,2)] — 2 Blu(t,z)] — 2B (t,2)] + s 2’ cosha

(4.13)
Applying the inverse Kharrat-Toma Transform in Eq. (4.13) we obtain

u(t,z) = B [Z=Blv, (t,2)] — Z=Bu(t,z)] — =B v (t,z)] + s 2**sinh 2]

v(t,x) =B [ Blu, (t,2)] — ZBu(t,z)] — B (t,z)] +

1 —2B+5
=55 S cosh x]

(4.14)
In the view of the recurrence relations (3.7) we get

up (t,2) = B™' [Szs72* ™ sinh z] = sinhz,

vo (t, ) = B™' [ Zzs72"™ cosh z] = cosh .

For n = 1, we have

Uy g,_:lc) = B [ Bvos (t,%)] — 2= B uo (t,2)] — 2= B [vo (¢, 7)]]

[ B sinha] - e Blsinha] — B coshal] = e

v1 (t, @) = B! [ Z55 B [uo, (1, 2)] — Z B uo (t,2)] — =5 B [ (¢, 2)]]
Bfl

[+ Bleosha] — £ Blsinha] — 5 Blcosha]] = - g8has?,

For n = 2, we have

((uy (t,x) = B [ 22 Blvi, (t,2)] — =B ug (t,2)] — == B v (¢, 2)]]

— sinhw—coshwta+6 + cosh x t2a
I'(a+B8+1) TI'(2a+41)

vy (t,2) = B [ B lu, (t,2)] — B lug (7)) — 5 B v (¢, 2)]]

__ coshz—sinhz sa+f sinhz 4283
\ = T(atB+1) t + 1“(2,8+1)t
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And for n = 3, we get

us (t,x) = B [z Bva, (t,2)] — =B us (t,2)] — == B2 (¢, 2)]]
— sgl(l;g;;flll)xt2a+ﬁ + Cl?‘?};ig;ﬁ?)xta-i_gﬁ o F?gtsx]:—xl) t3a

v3 (t, ) = B! [ B ug, (1, 2)] — Z5 B lug (t,2)] — —5 B vz (¢, 2)]]
— sinhw—coshwt2a+5 + coshac—sinh:vta+2ﬁ __ _sinhz tSﬁ
T (2a+/+1) T(at26+1) T(36+1)

Thus the approximate solution of (4.9) is

( o o+ 12048 ja+28
u(t,z) = (sinh (z)) <1 T MatprD) T TRatprD) — DarzpiD >

to tu+ﬂ t2a t2a+/3 ta+2ﬂ t3a
— (cosh (z)) (F(a+1) + C(a+B+1)  T(2a+1) + F(2a+8+1)  T(at2B+1) + T'(3a+1) + )

. tot+B t2a+p tot+2p
v (t,x) = (cosh (z)) <1 T Ta+pr) ~ T@atp+D) | Tarzaen) T )
. 8 to+B 28 t2a+p8 tot+28 38
|~ (sinh (z)) (I‘(ﬁ-ﬁ-l) T Tarpr) ~ TEAD)  TRatrArD) | TlatesiD) | TG )

(4.15)

When a = 5 = 1, the exact solution of (4.9) is as follows:

)
u(t,z) = (sinhz) (1 REY G > — (coshx) (t +L4+8 4 )

= (sinhx) > % — (coshz) > % = sinh x cosht — cosh z sinh ¢
n>0 n>0

v (t,z) = (cosh ) <1 +h+0+ ) — (sinh x) <t+ g +4 )

= (coshx) > % — (sinhz) Y % = cosh x cosht — sinh zsinh ¢
n>0 n>0

\

(4.16)
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(2,1) Exact Solution Numerical solution Error
’ u(z,t) with KTIM for n = 2
(0,0) 0 0 0
(0,0.01) -0.01000016667 -0.1 0.16667x107°
(0,0.02) -0.02000133336 -0.02 0.133336x107°
(0,0.03) -0.03000450020 -0.03 0.450020x 107
(0,0.04) -0.04001066752 -0.04 0.1066752x 104
(0,0.05) -0.05002083594 -0.05 0.2083594x 104
(0,0.06) -0.06003600648 -0.06 0.3600648x 10~
(0,0.07) -0.07005718067 -0.07 0.5718067x10~*
(0,0.08) -0.08008536064 -0.08 0.8536064x 104
(0,0.09) -0.09012154922 -0.09 0.12154922x 103
(0,0.1) -0.10016675 -0.1 0.1667500x 1073
(2,1) Exact Solution Numerical solution Error
’ v (x,t) with KTIM for n = 2
(0,0) 1 1 0
(0,0.01) 1.00005 1.00005 0
(0,0.02) 1.000200007 1.0002 0.7x1078
(0,0.03) 1.000450034 1.00045 0.34x10"
(0,0.04) 1.000800107 1.0008 0.107x107¢
(0,0.05) 1.00125026 1.00125 0.26x107°
(0,0.06) 1.00180054 1.0018 0.54x107°
(0,0.07) 1.002451001 1.00245 0.1001x107°
(0,0.08) 1.003201707 1.0032 0.1707x107°
(0,0.09) 1.004052734 1.00405 0.2734x107°
(0,0.1) 1.005004168 1.005 0.4168x107°

TABLE 3: Describe a comparison between the exact solution
and the numerical solution using the KTIM of Eq.(4.9) for a = =1

Figure 4.2 is a graph of the exact solution (4.11) of Eq.(4.9) for a« = g =1
and the numerical solution (4.15) using KTIM method for « = § = 0.5 and

a=p0p=1.
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(b)

Fig 4.2: Graph of (4.11) and (4.15)
(a) Exact solution (4.11), (b) Numerical solution (4.15) for o = 5 =1

4.3 Example 3

Consider the following nonlinear system of fractional differential equations [13]

DY (u) = vyw, — vew, —u

CDtB (v) = —uyw, —uwy, +v ,0<a,B,7<1, (4.17)
D} (w) = —uyvy — ugvy +w
with the initial conditions
u(0,z,y) = e, v(0,2,y) = eV, w(0,2,y) = e V. (4.18)
The exact solution of (4.17) for the special case a = f =1 is
u(t,,y) = e
v(t,z,y) =e YTt (4.19)

w(t,z,y) =e Tyt
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Applying the Kharrat-Toma Transform in the Eq. (4.17), then
(B [CDta (u (t,:p,y))] - s*%B [vywa] — ﬁB [vawy] — Sf%B [u]

B [CDtﬁ (v (t, =, 3/))] = — 7w B [uyw.] — 5 B luewy| + 5 B [v]

B [CD;Y (w (t,x,y))] = _#B [uyva] — S%WB [uavy] + S%WB [w]
(4.20)

\

Using (2.6) and the initial conditions (4.18), then we have
B[(u(t..9))] = B loy] — e Blosw,] - A Blu] + ps2ot5erty

Bl(v(t.2.9)] = — 2 B luyws] — o Blusw,) + 7 Bo] + ops ey

Bl(w (t,2,9))] = — 2 B luyvs] — 2 B lusvy] + 2o B [w] + ey 20
(4.21)
Applying the inverse Kharrat-Toma Transform in Eq. (4.21) we obtain

u(t,r,y) =B~ (s}%B [vywa] — Sﬁ%B [vowy] — Sf%B [u] + ﬁsimﬁ)exﬂ/)

0(t,y) = B (~ s Bluyws] — o Blusw,] + B o] + s %)

w (t,z,y) = B~ (=25 B uyv,] — 25 B [ugvy] + =5 B [w] + Zs 2 e 1)
(4.22)

In the view of the recurrence relations (3.7) we get

e

S—Ot

Vo (ta €, y) =B [;268_26+5€x_y] = ex—y,

wo (t,x,y) — B-1 [87%872'y+567z+y} — efac+y7
for n = 1, we have
(uy (t,2,y) = B! (ﬁB [UOyUJOx] - #B [UOmUJOy] - ﬁB [Uo])

_ erty ta
- T(at+l)

U1 (ta Iay) - Bil (_Sf%ﬁB [u()yw()a:] - sf;ZBB [UOxw()y] + 87;253 [UO])

_ _e*7Y 4B
=t

wy (t,z,y) = B! (_S—szB [uoyvos] — S_%B [0z V0y] + S_%B [wo])

e Tty al
\ " T(+D"
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For n = 2, we obtain

2B (o0 + va), (wo + wn), | — 2B [(v0), (wo),]
ug (t,x,y) = B™1

— A B (o0 ), (0o + w), | + A B (), (wo), | = Bl

er Ty
T I'(2a+1)

I

—B |:(U0 + u1), (wo + wl)x} + B [<”0)y WO)J
vy (t,1,y) = B

B (w0 +w), (wo+ w1), | + B [(w0), (w0), | + 2B o]

_ Y48
R NCEESVE

=B [(o ), (0 ), |+ B [ (), ),
woy (t,7,y) = B!

— B (w0 + ), (v + 00), | + 2B [(w0), (v0), | + 2B [

_ et Tty t2’y
. T2y+1)" -

Thus the approximate solution of (4.17) is

LT ety Ja e*tY 12 LT (=) _ oz
w(t,z,y) = e — 5ot + faarnt  F =€ +ynz>:of‘(na+l)! = e"VEq (1)

()"

vt zy) = € + 15t + tagrnt T = 2 ey — ¢ "Ea(t)

_ oty — e T G20
w(t,@,y) = e+ foptt + F(2v+1)t2 +...= +yz CE E, (t)
(4.23)

When a = 3 = = 1, the exact solution of (4.17) is as follows:
u(t,z,y) = e VE; (—t) = "t
v(t,z,y) =" VE (t) = e* YT

w(t,z,y) =e “TVE (t) = e "YU
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5

Conclusion and Open Problem

In this paper, we have presented Kharrat-Toma Iterative Method for solving
fractional differential equations. The illustrative examples confirm the validity
of this method.

At the end of this paper, we shall propose the following open question: We
think it is important to address a comparative study with other numerical
methods.
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