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Abstract

In this paper, we apply the Kharrat-Toma Iterative Method (KTIM) for
solving some fractional di¤erential equations with caputo derivative. This
method is combined from the Iterative method and Kharrat-Toma Transform.
The obtained results are compared with the exact solutions and some examples
are given to show the accuracy of the method.
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1 Introduction

In recent years, there is great interest in fractional di¤erential equations due
to their e¤ective applications in many �elds of science and engineering [8, 9,
10, 17, 18, 21]. Several numerical methods [1, 2, 3, 4, 5, 6, 7] exist for �nd-
ing approximate solutions to these equations. Among these methods is the
Kharrat-Thomas Iterative Method (KTIM) [16], which provides an e¢ cient
approach for �nding explicit and numerical solutions for a wide class of frac-
tional di¤erential equations.
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In this paper, we applied the Kharrat-Toma Iterative Method (KTIM) to
obtain approximate solutions of fractional di¤erential equations and system of
fractional di¤erential equations.
The paper is organized as follows: Section 2 we give some de�nitions and

properties about fractional calculus. Section 3 we present the Kharrat-Toma
Iterative Method. Section 4 we present some numerical examples of FDEs to
show the e¤ectiveness of the proposed method by means of some comparison
with exact solution.

2 Preliminaries

In this section, we give some de�nitions and properties which will be used in
this paper. For more details, we refer the interested reader to [12, 14, 15, 19].
De�nition 1.1 The Riemann-Liouville fractional integral operator of order
� � 0, for a function f 2 C ([a; b]) is de�ned as

J�a f (x) =

8>><>>:
1

�(�)

xR
a

(x� s)��1 f (s) ds; � > 0;

f (x) ; � = 0;

(2.1)

where 1
�(�)

=
1R
0

e�tt��1dt:

De�nition 1.2 The fractional derivative of f 2 Cn ([a; b]) in the sense of
Caputo is de�ned as:

D�f (x) = 1
�(n��)

xR
a

(x� s)n���1 f (n) (s) ds; n� 1 < � < n; n 2 N�; x 2 [a; b]

(2.2)

De�nition 1.3 [14] The function f (x) is said to have exponential order on
every �nite interval in [0;+1[ ; If there exist a positive number M that satis-
fying:

jf (x)j �Me�x; � > 0; x � 0:

De�nition 1.4 [14]The Kharrat-Toma transform of a function f (x) is ex-
pressed as follows:

B [f (x)] = G (s) = s3
1R
0

f (x) e�
x
s2 dx; x � 0; (2.3)

The inverse Kharrat-Toma integral transform is de�ned as:

B�1 [G (s)] = f (x) = B�1
�
s3
1R
0

f (x) e�
x
s2 dx

�
: (2.4)
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The B integral transform states that, if f (x) is piecewise continuous on [0;+1)
and has exponential order. The B�1 will be the inverse of the B integral trans-
form.
The Kharrat-Toma transform of some functions is as follows:

f (x) B [f (x)] = G (s)
1 s5

xn n!s2n+5 = � (n+ 1) s2n+5; n � 0;
sin (�x) �s7

1+�2s4

cos (�x) s5

1+�2s4

sinh (�x) �s7

1��2s4

cosh (�x) s5

1��2s4

TABLE 1: Kharrat-Toma transform of some functions

The Kharrat-Toma Transform is a linear operator, we have

B

�
nP
k=0

�kfk (x)

�
=

nP
k=0

�kB [fk (x)] ; (2.5)

where �1; �2; :::; �n are non-zero constants.
Theorem 1.1 The Kharrat-Toma Transform of Caputo fractional derivative
of f(t) of order � is given by

B
�
CD� (f (x))

�
= s�2�G (s)�

n�1P
k=0

s2k�2�+5f (k) (0) ; n� 1 < � < n; n 2 N�:

(2.6)

De�nition 1.5 A one-parameter function of the Mittag-Le­ er type is de�ned
by the series expansion

E� (t) =
P
n�0

(t�)n

�(n�+1)!
: (2.7)

3 Basic Idea of Kharrat-Toma IterativeMethod

This section discusses a Kharrat-Toma Iterative Method to solve fractional dif-
ferential equation numerically. For more details, we refer the interested reader
to [16].
To clarify the basic ideas of KTIM, we consider the following nonlinear frac-
tional di¤erential equation

CD�
t (u (t; x)) +R (u (t; x)) +N (u (t; x)) = f (t; x) ; n� 1 < � � n; n 2 N;

(3.1)
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with the initial condition

u(k) (0; x) = bk (x) ; (3.2)

where CD� denotes the fractional order derivative in Caputo sense. R is a
linear operator. N is a nonlinear operator and f(t; x) is a known function.
Applying the Kharrat-TomaTransform to both sides of Eq: (3:1) and by using
the linearity of KharratToma Transform, the result is

B
�
CD�

t (u (t; x))
�
+B [R (u (t; x))] +B [N (u (t; x))] = B [f (t; x)] : (3.3)

Using (2.6), we get

B [u (t; x)] = 1
s�2�

�
n�1P
k=0

s2k�2�+5u(k) (0; x) +B [f (t; x)]�B [R (u (t; x))]�B [N (u (t; x))]
�

(3.4)
The KTIM represents the solution as an in�nite series

u (t; x) =
1P
n=0

un (t; x) : (3.5)

Substituting Eq. (3.5) in Eq. (3.4), we have

B

� 1P
n=0

un (t; x)

�
= 1

s�2�

0BBBB@
n�1P
k=0

s2k�2�+5u(k) (0; x) +B [f (t; x)]�B
� 1P
n=0

R (un (t; x))

�

�B
�
N (u0 (t; x)) +

1P
n=1

�
nP
k=0

N (un (t; x))�
n�1P
k=0

N (un (t; x))

��
1CCCCA

(3.6)
Hence the iterations are de�ned by the following recursive algorithm

B [u0 (t; x)] =
1

s�2�

�
n�1P
k=0

s2k�2�+5u(k) (0; x) +B [f (t; x)]

�
B [u1 (t; x)] = � 1

s�2�B [R (u0 (t; x)) +N (u0 (t; x))]

:
:
:

B [un (t; x)] = � 1
s�2�B

�
R (un�1 (t; x)) +

nP
k=0

N (uk (t; x))�
n�1P
k=0

N (uk (t; x))

�
; n � 1

(3.7)
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Using the initial conditions (3.2) and applying the inverse Kharrat-TomaTransform
to equations (3.7) we obtain the values ui (t; x) ; i 2 f0; 1; :::; ng.
Therefore the n-term approximate solution is given by

u (t; x) = u0 (t; x) + u1 (t; x) + u2 (t; x) + ::: (3.8)

Theorem 3.1 Let B be a Banach space. If there exists k, 0 � k < 1 such that,
kunk � k kun�1k for 8n 2 N, then the approximate solution u (t; x) converges
to S.
Preuve: De�ne the sequence Si; i = 0; 1; :::; n

S1 = u0

S2 = u0 + u1

S3 = u0 + u1 + u2
:
:
:
Sn = u0 + u1 + u2 + :::+ un�1;

and prove that (Si)i�0 is a Cauchy sequence, and we consider

kSn � Sn�1k � kunk � knu0;

for p > q > 0, we have

kSp � Sqk = kSp � Sp�1 + Sp�1 � Sp�2 + :::+ Sq+1 � Sqk

� kSp � Sp�1k+ kSp�1 � Sp�2k+ :::+ kSq+1 � Sqk

� (kp + kp�1 + :::+ kq+1)u0

�




kq+1(1�kp�q)k�1





u0;
where u0 is bounded, and we have

lim
p;q!1

kSp � Sqk = 0:

Therefore, the sequence (Si)i�0 is a Cauchy sequence in B, so the solution of
Eq. (3.1) is convergent.
Remark Similar proofs can be found in [11, 22] .
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4 Numerical examples

In this section, we apply the KTIM method to get the solutions of fractional
partial di¤erential equations.

4.1 Example 1

Consider the fractional Klein-Gordon equation [20]

CD�
t (u (t; x)) = u (t; x) + uxx (t; x) ; 0 < � � 1; (4.1)

with the initial condition:

u (0; x) = 1 + sinx: (4.2)

The exact solution of (4.1) for the special case � = 1 is

u (t; x) = sin x+ et: (4.3)

Applying the Kharrat-Toma Transform in the Eq. (4.1), then

B
�
CD�

t (u (t; x))
�
= B [u (t; x) + uxx (t; x)] ; (4.4)

Using (2.7) and the initial conditions (4.2), then we have

B [(u (t; x))] = 1
s�2�B [uxx (t; x)] +

1
s�2�B [u (t; x)] +

1
s�2� s

�2�+5 (1 + sinx) :
(4.5)

Applying the inverse Kharrat-Toma Transform in Eq. (4.5) we obtain

u (t; x) = B�1
�

1
s�2�B [uxx (t; x)] +

1
s�2�B [u (t; x)] +

1
s�2� s

�2�+5 (1 + sinx)
�
:

(4.6)
In the view of the recurrence relations (3.7) we get

u0 (t; x) = (1 + sinx)B
�1 � 1

s�2� s
�2�+5� = 1 + sin x

u1 (t; x) = B
�1 � 1

s�2�B [u0 (t; x)]
�
+B�1

�
1

s�2�B [u0xx (t; x)]
�
= 1

�(�+1)
t�

u2 (t; x) = B
�1 � 1

s�2�B [u1 (t; x)]
�
+B�1

�
1

s�2�B [u1xx (t; x)]
�
= t2�

�(2�+1)

u3 (t; x) = B
�1 � 1

s�2�B [u2 (t; x)]
�
+B�1

�
1

s�2�B [u2xx (t; x)]
�
= t3�

�(3�+1)

:
:
:
un (t; x) = B

�1 � 1
s�2�B [un�1 (t; x)]

�
+B�1

�
1

s�2�B
�
u(n�1)xx (t; x)

��
= tn�

�(n�+1)

(4.7)
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Thus the approximate solution of (4.1) is

u (x; t) = 1 + sinx+ 1
�(�+1)

t� + 1
�(2�+1)

t2� + 1
�(3�+1)

t3� + :::

= sinx+
P
n�0

1
�(n�+1)

tn� = sinx+ E� (t) :
(4.8)

When � = 1, the exact solution of the linear fractional Klein�Gordon equation
is as follows:

u (x; t) = sinx+ E1 (t) = sin x+ e
t:

(x; t)
Numerical solution
with KTIM for n = 10

Exact solution
u (x; t)

Error

(0; 0) 1 1 0
(0; 0:25) 1.284025417 1.284025417 0
(0; 0:5) 1.648721271 1.648721271 0
(0; 0:75) 2.117000017 2.117000017 0
(0; 1) 2.718281828 2.718281828 0
(0; 1:5) 4.481689067 4.481689070 0.3�10�8
(0; 75) 5.754602643 5.754602676 0.33�10�7
(0; 2) 7.389055882 7.389056099 0.217�10�6
(0; 2:5) 12.18248885 12.18249396 0.511�10�5
(0; 3) 20.08546859 20.08553692 0.6833�10�4

TABLE 2: Describe a comparison between the exact
solution and the numerical solution using the KTIM of Eq.(4.1) for � = 1

Figure 4.1 is a graph of the exact solution (4.3) and the numerical solution
(4.8) using KTIM method for � = 0:5; 0:75 and 1.
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(a) (b)

(c) (d)

Fig 4.1: Graph of (4.11) and (4.15)
(a) Exact solution (4.3); (b) Numerical solution (4.8) for � = 0:5;

(c) Numerical solution (4.8) for � = 0:75; (d) Numerical solution (4.8) for � = 1:

4.2 Example 2

Consider the following system of linear fractional partial di¤erential equations
[13] 8<:

CD�
t (u (t; x)) = vx (t; x)� u (t; x)� v (t; x)

CD�
t (v (t; x)) = ux (t; x)� u (t; x)� v (t; x)

, 0 < �; � � 1; (4.9)

with the initial condition:

u (0; x) = sinhx; v (0; x) = coshx: (4.10)

The exact solution of (4.9) for the special case � = � = 1 is8<:
u (t; x) = sinhx cosh t� coshx sinh t

v (t; x) = coshx cosh t� sinh x sinh t
(4.11)
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Applying the Kharrat-Toma Transform in the Eq. (4.9), then8><>:
B
�
CD�

t (u (t; x))
�
= 1

s�2�B [vx (t; x)]�
1

s�2�B [u (t; x)]�
1

s�2�B [v (t; x)]

B
h
CD�

t (v (t; x))
i
= 1

s�2�B [ux (t; x)]�
1

s�2�B [u (t; x)]�
1

s�2�B [v (t; x)]

(4.12)
Using (2.6) and the initial conditions (4.10), then we have8<:

B [(u (t; x))] = 1
s�2�B [vx (t; x)]�

1
s�2�B [u (t; x)]�

1
s�2�B [v (t; x)] +

1
s�2� s

�2�+5 sinh x

B [(v (t; x))] = 1
s�2�B [ux (t; x)]�

1
s�2�B [u (t; x)]�

1
s�2�B [v (t; x)] +

1
s�2� s

�2�+5 coshx
(4.13)

Applying the inverse Kharrat-Toma Transform in Eq. (4.13) we obtain8<:
u (t; x) = B�1

�
1

s�2�B [vx (t; x)]�
1

s�2�B [u (t; x)]�
1

s�2�B [v (t; x)] +
1

s�2� s
�2�+5 sinh x

�
v (t; x) = B�1

�
1

s�2�B [ux (t; x)]�
1

s�2�B [u (t; x)]�
1

s�2�B [v (t; x)] +
1

s�2� s
�2�+5 coshx

�
(4.14)

In the view of the recurrence relations (3.7) we get8<:
u0 (t; x) = B

�1 � 1
s�2� s

�2�+5 sinh x
�
= sinhx;

v0 (t; x) = B
�1 � 1

s�2� s
�2�+5 coshx

�
= cosh x:

For n = 1, we have

8>>>><>>>>:
u1 (t; x) = B

�1 � 1
s�2�B [v0x (t; x)]�

1
s�2�B [u0 (t; x)]�

1
s�2�B [v0 (t; x)]

�
= B�1

�
1

s�2�B [sinh x]�
1

s�2�B [sinh x]�
1

s�2�B [coshx]
�
= � coshx

�(�+1)
t�

v1 (t; x) = B
�1 � 1

s�2�B [u0x (t; x)]�
1

s�2�B [u0 (t; x)]�
1

s�2�B [v0 (t; x)]
�

= B�1
�

1
s�2�B [coshx]�

1
s�2�B [sinh x]�

1
s�2�B [coshx]

�
= � sinhx

�(�+1)
t�:

For n = 2; we have

8>>>>>>>><>>>>>>>>:

u2 (t; x) = B
�1 � 1

s�2�B [v1x (t; x)]�
1

s�2�B [u1 (t; x)]�
1

s�2�B [v1 (t; x)]
�

= sinhx�coshx
�(�+�+1)

t�+� + coshx
�(2�+1)

t2�

v2 (t; x) = B
�1 � 1

s�2�B [u1x (t; x)]�
1

s�2�B [u1 (t; x)]�
1

s�2�B [v1 (t; x)]
�

= coshx�sinhx
�(�+�+1)

t�+� + sinhx
�(2�+1)

t2�
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And for n = 3; we get

8>>>><>>>>:
u3 (t; x) = B

�1 � 1
s�2�B [v2x (t; x)]�

1
s�2�B [u2 (t; x)]�

1
s�2�B [v2 (t; x)]

�
= sinhx�coshx

�(2�+�+1)
t2�+� + coshx�sinhx

�(�+2�+1)
t�+2� � coshx

�(3�+1)
t3�

v3 (t; x) = B
�1 � 1

s�2�B [u2x (t; x)]�
1

s�2�B [u2 (t; x)]�
1

s�2�B [v2 (t; x)]
�

= sinhx�coshx
�(2�+�+1)

t2�+� + coshx�sinhx
�(�+2�+1)

t�+2� � sinhx
�(3�+1)

t3�

Thus the approximate solution of (4.9) is

8>>>>>>>><>>>>>>>>:

u (t; x) = (sinh (x))
�
1 + t�+�

�(�+�+1)
+ t2�+�

�(2�+�+1)
� t�+2�

�(�+2�+1)
+ :::

�
� (cosh (x))

�
t�

�(�+1)
+ t�+�

�(�+�+1)
� t2�

�(2�+1)
+ t2�+�

�(2�+�+1)
� t�+2�

�(�+2�+1)
+ t3�

�(3�+1)
+ :::

�
v (t; x) = (cosh (x))

�
1 + t�+�

�(�+�+1)
� t2�+�

�(2�+�+1)
+ t�+2�

�(�+2�+1)
+ :::

�
� (sinh (x))

�
t�

�(�+1)
+ t�+�

�(�+�+1)
� t2�

�(2�+1)
� t2�+�

�(2�+�+1)
+ t�+2�

�(�+2�+1)
+ t3�

�(3�+1)
+ :::

�
(4.15)

When � = � = 1, the exact solution of (4.9) is as follows:

8>>>>>>>>><>>>>>>>>>:

u (t; x) = (sinhx)
�
1 + t2

2! +
t4
4! + :::

�
� (coshx)

�
t+ t3

3! +
t5
5! + :::

�
= (sinh x)

P
n�0

x2n

(2n)!
� (coshx)

P
n�0

x2n+1

(2n+1)!
= sinhx cosh t� coshx sinh t

v (t; x) = (coshx)
�
1 + t2

2! +
t4
4! + :::

�
� (sinhx)

�
t+ t3

3! +
t5
5! + :::

�
= (coshx)

P
n�0

x2n

(2n)!
� (sinhx)

P
n�0

x2n+1

(2n+1)!
= cosh x cosh t� sinh x sinh t

(4.16)
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(x; t)
Exact Solution

u (x; t)
Numerical solution
with KTIM for n = 2 Error

(0; 0) 0 0 0
(0; 0:01) -0.01000016667 -0.1 0.16667�10�6
(0; 0:02) -0.02000133336 -0.02 0.133336�10�5
(0; 0:03) -0.03000450020 -0.03 0.450020�10�5
(0; 0:04) -0.04001066752 -0.04 0.1066752�10�4
(0; 0:05) -0.05002083594 -0.05 0.2083594�10�4
(0; 0:06) -0.06003600648 -0.06 0.3600648�10�4
(0; 0:07) -0.07005718067 -0.07 0.5718067�10�4
(0; 0:08) -0.08008536064 -0.08 0.8536064�10�4
(0; 0:09) -0.09012154922 -0.09 0.12154922�10�3
(0; 0:1) -0.10016675 -0.1 0.1667500�10�3

(x; t)
Exact Solution

v (x; t)
Numerical solution
with KTIM for n = 2 Error

(0; 0) 1 1 0
(0; 0:01) 1.00005 1.00005 0
(0; 0:02) 1.000200007 1.0002 0.7�10�8
(0; 0:03) 1.000450034 1.00045 0.34�10�7
(0; 0:04) 1.000800107 1.0008 0.107�10�6
(0; 0:05) 1.00125026 1.00125 0.26�10�6
(0; 0:06) 1.00180054 1.0018 0.54�10�6
(0; 0:07) 1.002451001 1.00245 0.1001�10�5
(0; 0:08) 1.003201707 1.0032 0.1707�10�5
(0; 0:09) 1.004052734 1.00405 0.2734�10�5
(0; 0:1) 1.005004168 1.005 0.4168�10�5

TABLE 3: Describe a comparison between the exact solution
and the numerical solution using the KTIM of Eq.(4.9) for � = � = 1

Figure 4.2 is a graph of the exact solution (4.11) of Eq.(4.9) for � = � = 1
and the numerical solution (4.15) using KTIM method for � = � = 0:5 and
� = � = 1.
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(a)

(b)

Fig 4.2: Graph of (4.11) and (4.15)
(a) Exact solution (4.11); (b) Numerical solution (4.15) for � = � = 1

4.3 Example 3

Consider the following nonlinear system of fractional di¤erential equations [13]8>>>><>>>>:

CD�
t (u) = vywx � vxwy � u

CD�
t (v) = �uywx � uxwy + v

CD

t (w) = �uyvx � uxvy + w

, 0 < �; �; 
 � 1; (4.17)

with the initial conditions

u (0; x; y) = ex+y; v (0; x; y) = ex�y; w (0; x; y) = e�x+y: (4.18)

The exact solution of (4.17) for the special case � = � = 1 is8>>>><>>>>:
u (t; x; y) = ex+y�t

v (t; x; y) = ex�y+t

w (t; x; y) = e�x+y+t

(4.19)
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Applying the Kharrat-Toma Transform in the Eq. (4.17), then8>>>>><>>>>>:

B
�
CD�

t (u (t; x; y))
�
= 1

s�2�B [vywx]�
1

s�2�B [vxwy]�
1

s�2�B [u]

B
h
CD�

t (v (t; x; y))
i
= � 1

s�2�B [uywx]�
1

s�2�B [uxwy] +
1

s�2�B [v]

B
�
CD


t (w (t; x; y))
�
= � 1

s�2
B [uyvx]�
1

s�2
B [uxvy] +
1

s�2
B [w]
(4.20)

Using (2.6) and the initial conditions (4.18), then we have8>>>><>>>>:
B [(u (t; x; y))] = 1

s�2�B [vywx]�
1

s�2�B [vxwy]�
1

s�2�B [u] +
1

s�2� s
�2�+5ex+y

B [(v (t; x; y))] = � 1
s�2�B [uywx]�

1
s�2�B [uxwy] +

1
s�2�B [v] +

1
s�2� s

�2�+5ex�y

B [(w (t; x; y))] = � 1
s�2
B [uyvx]�

1
s�2
B [uxvy] +

1
s�2
B [w] +

1
s�2
 s

�2
+5e�x+y

(4.21)
Applying the inverse Kharrat-Toma Transform in Eq. (4.21) we obtain8>>>><>>>>:

u (t; x; y) = B�1
�

1
s�2�B [vywx]�

1
s�2�B [vxwy]�

1
s�2�B [u] +

1
s�2� s

�2�+5ex+y
�

v (t; x; y) = B�1
�
� 1
s�2�B [uywx]�

1
s�2�B [uxwy] +

1
s�2�B [v] +

1
s�2� s

�2�+5ex�y
�

w (t; x; y) = B�1
�
� 1
s�2
B [uyvx]�

1
s�2
B [uxvy] +

1
s�2
B [w] +

1
s�2
 s

�2
+5e�x+y
�

(4.22)
In the view of the recurrence relations (3.7) we get8>>>><>>>>:

u0 (t; x; y) = B
�1 � 1

s�2� s
�2�+5ex+y

�
= ex+y;

v0 (t; x; y) = B
�1 � 1

s�2� s
�2�+5ex�y

�
= ex�y;

w0 (t; x; y) = B
�1 � 1

s�2
 s
�2
+5e�x+y

�
= e�x+y;

for n = 1; we have8>>>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>>>:

u1 (t; x; y) = B
�1 � 1

s�2�B [v0yw0x]�
1

s�2�B [v0xw0y]�
1

s�2�B [u0]
�

= � ex+y

�(�+1)
t�

v1 (t; x; y) = B
�1 �� 1

s�2�B [u0yw0x]�
1

s�2�B [u0xw0y] +
1

s�2�B [v0]
�

= ex�y

�(�+1)
t�

w1 (t; x; y) = B
�1 �� 1

s�2
B [u0yv0x]�
1

s�2
B [u0xv0y] +
1

s�2
B [w0]
�

= e�x+y

�(
+1)
t
:
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For n = 2; we obtain8>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>:

u2 (t; x; y) = B
�1

0BB@
1

s�2�B
h
(v0 + v1)y (w0 + w1)x

i
� 1

s�2�B
h
(v0)y (w0)x

i
� 1
s�2�B

h
(v0 + v1)x (w0 + w1)y

i
+ 1

s�2�B
h
(v0)x (w0)y

i
� 1

s�2�B [u1]

1CCA
= ex+y

�(2�+1)
t2�;

v2 (t; x; y) = B
�1

0BB@
� 1
s�2�B

h
(u0 + u1)y (w0 + w1)x

i
+ 1

s�2�B
h
(u0)y (w0)x

i
� 1
s�2�B

h
(u0 + u1)x (w0 + w1)y

i
+ 1

s�2�B
h
(u0)x (w0)y

i
+ 1

s�2�B [v1]

1CCA
= ex�y

�(2�+1)
t2�;

w2 (t; x; y) = B
�1

0BB@
� 1
s�2�B

h
(u0 + u1)y (v0 + v1)x

i
+ 1

s�2�B
h
(u0)y (v0)x

i
� 1
s�2�B

h
(u0 + u1)x (v0 + v1)y

i
+ 1

s�2�B
h
(u0)x (v0)y

i
+ 1

s�2
B [w1]

1CCA
= e�x+y

�(2
+1)
t2
:

Thus the approximate solution of (4.17) is8>>>>>>>>><>>>>>>>>>:

u (t; x; y) = ex+y � ex+y

�(�+1)
t� + ex+y

�(2�+1)
t2� + ::: = ex+y

P
n�0

(�t�)n
�(n�+1)!

= ex+yE� (�t)

v (t; x; y) = ex�y + ex�y

�(�+1)
t� + ex�y

�(2�+1)
t2� + ::: = ex�y

P
n�0

(t�)
n

�(n�+1)!
= ex�yE� (t)

w (t; x; y) = e�x+y + e�x+y

�(
+1)
t
 + e�x+y

�(2
+1)
t2
 + ::: = e�x+y

P
n�0

(t
)n

�(n
+1)!
= e�x+yE
 (t)

(4.23)

When � = � = 
 = 1, the exact solution of (4.17) is as follows:8>>>><>>>>:
u (t; x; y) = ex+yE1 (�t) = ex+y�t

v (t; x; y) = ex�yE1 (t) = e
x�y+t

w (t; x; y) = e�x+yE1 (t) = e
�x+y+t:
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5 Conclusion and Open Problem

In this paper, we have presented Kharrat-Toma Iterative Method for solving
fractional di¤erential equations. The illustrative examples con�rm the validity
of this method.
At the end of this paper, we shall propose the following open question: We
think it is important to address a comparative study with other numerical
methods.
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