
Int. J. Open Problems Compt. Math., Vol. 19, No. 1, March 2026
Print ISSN: 1998-6262, Online ISSN: 2079-0376
Copyright ©ICSRS Publication, 2026, https://ijopcm.icsrs.uk/

On Certain Integral Operator Inequalities
in Normed Spaces

Anthony Wafula, Benard Okelo, Willy Kangogo

Department of Pure and Applied Mathematics,
Jaramogi Oginga Odinga University of Science and Technology,

Box 210-40601, Bondo-Kenya.
e-mail: anthonywafula@gmail.com, benard@aims.ac.za, kangogowll@gmail.com

Received 11 September 2025; Accepted 10 November 2025

Abstract

A lot of researches have been carried out on inner prod-
uct type integral transformers (IPTIT) with regard to vari-
ous aspects including spectra, numerical ranges and operator
inequalities. Consider M and N to be weakly µ-measurable
operator valued (OV) functions such that M,N : Ω → B(X)
for any Q ∈ B(H). If M and N are integrable with respect to
Gel’fand axiom, then we obtain a linear transformation aris-
ing from the inner product space as Q 7→

∫
ΩMtQNt∂(t). There

exists an open problem regarding IPTIT while studying in-
equalities for IPTIT with spectra limited to the unit disc in
complex domains. It has been pointed out that the inequal-
ities, and in particular Cauchy-Schwarz (CS) and Cauchy-
Buniakowski-Schwarz (CBS) inequalities, can only be attained
for these IPTIT if only one of the operator M or N is nor-
mal. Therefore, in this note we solve this problem by obtaining
CBS-inequalities for IPTIT in Banach spaces.

Keywords: Integral Operator, CBS-inequality, Norm, IPTIT.
2010 Mathematics Subject Classification: Primary 47B47; secondary
47A30.

1 Introduction

Studies on IPTIT have been carried out for sometime by researchers with in-
teresting results obtained. In [1], the authors studied on the CS−inequalities
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of operators that are weak integrals. In their work, finite measures dominated
the study with measurable families. They described the CS-inequalities for
non-commutative operators in the Schatten P -ideals. The unitarily invariant
norms for these weak integrals were also established after applying the arith-
metic mean and the Young’s inequality as described in [2]. The research also
gave out the some definitions related to the operatot Valued (OV) functions
and measurable functions. The work also had some applications involving the
closed graph theorem. By use of the continuous orthogonal projections of sub-
spaces, some preliminary results were obtained. Their study also had employed
some knowledge of vectors that are integrable with respect to OV functions.
Gelfand axioms also dominated this work making it to fully describe the weak
integrals [4]. Their results had a lot of details particularly on the norms of op-
erators in Banach spaces by utilizing the CS-inequalities. The CS-inequalities
for the functions deemed operator valued and factorable were also addressed
here and their results well put. They also went ahead and gave their relevant
applications of their findings with regard to inequalities of operator norms as
discussed also in [3].

The authors of [5] described the advances and reverse inequalities for the CS-
inequalities. These reverses were mostly centered to the CS-inequalities for
the inner product space and the C∗-modules. In their study, a comprehensive
description was made on the CS-inequalities for the classical analysis. For
instance, some proofs for the inner product spaces were well put forth especially
those arising from the parallelogram law [10]. They had a principle argument
for non-zero vectors attained by normalization process to attain results for the
classical analysis case. They also employed the Wagner’s inequality for the
for the operator version, self adjoint and C∗-algebras [9]. For instance, the
they talked about the positive unital linear maps acting between the the class
of C∗-algebras for any commutative operator to be completely positive. This
was actually attained by mainly by the Applications of the Choi inequality
for unital normal operators. in the case of the C∗-modules, the semi-inner
product notion was actually evidenced as a natural generalization. Their work
also gave a good description and definitions of the C∗-algebras and C∗-modules.
They also put forward some study on the operator reverses and operator CS-
inequalities utilizing the Wielandt inequality [12].

The work of [6] described the CS-inequalities for the for the general elementary
operators and also gave their applications of their work. In their article, they
employed the unitarily invariant norms for positive scalars that are real. In
doing this, they gave a strong relationship that exist between known versions
of the CS-inequalities and utilized it to coin the norms. In [7], it was noticed
that the symmetric gauge function is basic property for the operator singular
values. The absolute singular values were also discussed here. the study also
put forward several theorems describing the CS−inequalities for the operators
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that are semi-definite and positive.
The study by [11] discussed about the unitarily invariant norms involv-

ing the G1 operators. In their study, they represented upper bounds for
∥|g(M)Xf (N) + X∥| to be ∥|MXN | + |NXB∥| provided M and N are G1

operators, ∥|.∥| is a unitarily invariant norm. The workof [14] also discussed
the norms for IPTIT with their spectrum in the unit discs. In their study, they
introduced the weakly*-measurable families B(H), where △M is a defect op-
erator on M. In [13] the authors discussed extensively about norm estimates
of operators in relation to their contractions and spectra. The study postu-
lated that given any two operators A and B be normal contractions in Hilbert
spaces, then their norms were attained in terms of partial summations involv-
ing column matrices. The study by [15] wrote extensively on applications of
CSI for Hilbert modules to IPTIT. For example, for any Banach algebra,A,
it can be described by x 7→ ∑n

j=1 ajxbj. The study described this mapping
X 7→

∫
ΩAtXBt∂µ(t) as an inner product type integral transformer for any

measure space (Ω, µ).
In [8], the author later on studied on norm interpolations for rows and columns
elementary operators. In this study, described the the formula for Hilbert-
Schmidt norm of IPTIT as,∥∥∥∥X 7→

∫
Ω
AtXBtdµ(t)

∥∥∥∥
B(C2,(H))

=lim
l→∞

2n

√√√√∫
Ω2n

tr(
n∏

k=1

A∗
tn+1

Asn+1−k
)tr(

n∏
k=1

BSk
B∗

tk)
n∏

k=1

dµ(sk)dµ(tk)

wherever
∫
ω ∥At∥p∥Bt∥pdµ(t) < ∞ for some p > 0.

In [16] and [17] they discussed recently the Landau and Gross inequalities for
IPTIT in general Hilbert spaces. The study gave some description of norm
inequalities, with respect to unitarily invariant norms, in the space of all com-
pact separable Hilbert space. The study by [18] also dealt with the operator
valued function over a measure spaces (Ω,M, µ) and for a finite measure µ.
He indicated that if (At), (Bt)t∈Ω be weakly*-measurable in Hilbert spaces,
and that |

∫
|At|2dµ(t)|0 and |

∫
|Bt|2dµ(t)|0 are in complex unitarily invariant

normed Hilbert spaces, then it holds [19] that ,

||||
∫

|At|∗Btdµ(t)||||0|||| ≤ ||||
∫

|At|∗Atdµ(t)||||0||||
1
2

||||
∫

|Bt|∗Btdµ(t)||||0||||
1
2

. The same study gave the generalization of landau inequality for Gelfand
integrals for operator valued functions in unitarily invariant norm ideals as
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seen in [20]. To execute our tasks well, we needed an understanding of some
basic concepts that are necessary in this study.

In [21] the authors studied on reverse inequalities of the CBS inequalities and
the TI in the normed Hilbert space. Their results were simply a generaliza-
tion of the work done by [22] on the same described spaces. The systematic
generalization of these findings were also done in line with the 2-dimensional
normed space in [23].

In [24] they studied the integral inequalities in relation to the CS-inequalities
invoking the Cauchy-Buniakowski-Schwarz inequalities. In this study, they
proposed some findings and CBS-inequality reverses. The study gave some
detailed findings in any measure space on the issues of measure spaces [25].
The Hilbert space setting also dominated their study L2

w(Ω, K|K = CorR),
Their main objective was achieved using basic elementary identities such as
v2+u2

2
− uv = 1

2
uv(

√
w
v
−

√
vu)2 for all u, v > 0.

The work of [26] studied on the additive reverses of the CBS-integral inequal-
ities. In their study, additive inequalities with reversibility traits were put
forward and some results obtained. They also gave out some applications
for the variance and moments for a continuous random variable defining the
Hilbert space setting with non-finite dimension and finite intervals [27]. For
instance, they postulated that for any g, f : [a, b] → R, and that the functions
f and g are Lebesgue measurable functions as stated and that f 2 and g2 are
Lebesque integrable over [a, b] then their dot product is also integrable over
the same interval. The same study also gave an overview of os well known re-
verse inequalities and the widely applied CBS-inequalities in probability and
numerical analysis. The main results obtained in this work also gave some
applications of the Holder’s inequality in pursuit for the desired results. In
[28] the author studied on the CBS-inequalities for the Hilbert space opera-
tors. The study had its focus on a major thematic concern as the symmetric
shape of some inequalities ranging between real number sequences. The se-
quences that generate these inequalities as per the postulates of operator theory
were also discussed at some length. The same study also gave some insight
of CBS-inequalities for the Euclidean spaces. They did apply knowledge of
Bhor’s inequality and to some extent Bergostrom’s inequalities were invoked.
In addition to this, monotonicity of sequences also became an area of touch
and widely applied in their executions of their major results. They gave their
overview of the Aczel’s inequality, as seen in [22], for any operator in Hilbert
space that is bounded and linear.

2 Preliminaries

Here, we have described some definitions which are useful to this study.
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Definition 2.1 ([19]) Let X be a complex Hilbert space with infinite di-
mension, then for B(X) representing operators on X which are bounded, we
have a mapping S represented as Sai,bi(x) =

∑k
i=1 aixbi called the elementary

operator.

Definition 2.2 ([22]) Consider a weakly µ-measurable operator valued func-
tions M,N : Ω → B(X) for any Q ∈ B(H), we can have a mapping Q 7→∫
Ω MtQNt as weakly measurable too. If M and N are integrable with respect
to Gel’fand axiom, then we get a linear transformation arising from the in-
ner product space as Q 7→

∫
Ω MtQNt∂(t) called an inner product type integral

transformer denoted by
∫
Ω Mt

⊗
Nt∂(t).

Definition 2.3 ([27]) If a vector space V is described over any field of real
scalars like R, then the the function which is positive and real valued that takes
vectors to real scalars represented by ∥.∥ is referred to as a norm if it obeys the
conditions below:

(i). Positive definite: ∥a∥ ≥ 0, ∀ a ∈ V,

(ii). Zero property : ∥a∥ = 0 iff a = 0, ∀ a ∈ V,

(iii). Homogeneity: ∥βa∥ = |β|∥a∥, ∀ a ∈ V, and β ∈ R,

(iv). Triangle inequality: ∥a+ b∥ ≤ ∥a∥+ ∥b∥, ∀ a, b ∈ V.

3 Literature review

We discuss literature on CBS-inequalities for IPTIT in this work. We consider
various studies, their relevance and critical contributions to this study.

Theorem 3.1 ([9, Theorem 1.]) Fix any am ∈ C and also bm ∈ C, given
that m ∈ R satisfying the axiom

n∑
m=1

ambm = 0.

From Theorem 3.1, the study uses the constants that 1
2
that cannot be replaced

whatsoever. The study was giving details about the refinement of the CBS
inequalities of operators especially elementary operators. Their proof involved
taking the modulus of the partial sums as per the definitions of the CBS-
inequality and utilizing the elementary inequality for real numbers to get their
desired inequality as per the theorem. Clearly, this study focused on the
inequalities for normal elementary operators but had no regard to the IPTIT.
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In [4], they addressed the inequalities for upper bounds for normal integral
operator from the maximal deviation and weighted mean. However, the study
had its major focus on the elementary form but had no reference to the IPTIT
that our study has addressed.

Theorem 3.2 ([9, Theorem 2.]) Let X and Y represent normal and bounded
operators in complex Hilbert spaces and xm, ym also be a complex sequence and
pm, ym be probability sequences i.e

∑n
m=1 pmxmym = 1 ∀m ∈ R,

max
i∈{1,...,n}{pi|xiyi|} ≤ 1

2

√√√√[ n∑
m=1

pm|xm|2
] [

n∑
k=1

pm|ym|2
]

The theorem here addressed several issues arising from the probability se-
quences that are complex and for normal and bounded operators in Hilbert
spaces. Their norm estimates were derived with restriction to the general ele-
mentary operators. Its clear to see that the work had no considerations to the
special class of operators dubbed IPTIT which we have described and attained
their norm bounds in this work.

Theorem 3.3 ([12],Theorem 1.) Suppose that we have the mappingsM,N :
[p, q] → R being strictly increasing and monotonic on the interval, let H :
[p, q] → C be S−dominated by the pair (M,N) and the function f be shown
as f : [p, q] → C being a continuous function on interval chosen, then the
Riemann-Steljtjes integrals (RSI)

∫ q
p f(t)dh(t) holds.

This study tried to give some results of CBS inequalities for the Riemann-
Steljtjes integrals. To achieve this, they considered the continuous functions on
decreasing and monotonic sequences on the intervals dominated by the vectors
u, v. to achieve this, partitioned the sequences and described the norms for
any intermediate points in the interval [a, b] and by CBS-weighted discrete
inequality, they attained the desired results. Clearly, in this study focused
on the Riemann integrals without any regard to the special type of integrals
called IPTIT.
In [6] the study used integration by parts to achieve the the results. this the-
orem addressed the CBS for the the Riemann integrals. By integrating by
parts and applying the trapezoidal rule, they solved the problem also incorpo-
rating the Chebyshev inequalities for the monotonic nondecreasing functions
and then the desired inequality was obtained. Its therefore clear that the study
only focused on the RSI and didn’t address the CBS-inequalities for IPTIT.
Also in [18], the work described the CBS-inequality applying some aspects of
Chebyshev inequalities. By taking x as a fixed point in the interval [a, b] and
making use of the definition of CBS on the Riemann integrals. Clearly, this
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study focused on the RSI but not the special type of integrals, the IPTIT,
which we have dealt with in this note.
The study of [13] considered monotone nondecreasing pair, (p, q) on [a, b], and
continuous nonnegative function. It was observed that p was positive and f, g
are synchronous, then the function f was continuous on the rectangle as de-
scribed in their earlier result above. They applied this assertions to achieve
their results on the same integrals and their CBS inequalities described. Fol-
lowing through the proof for this claim, its true that the study only focused
on the RSI but not special type of integrals known as the IPTIT considered
in this work.
The work of [10] sought to address the inequalities with respect to self adjoint
integral operators. By use of the properties of self adjoint operators, they
attained their desired results. Its also important to note that the proposition
considered the continuous functions in achieving their objectives. Moreover,
the major aspect is emphasized on the Riemann-Stieltjes type integral. In [16]
they considered the maximum and minimum eigenvalues and the synchronous
functions on the [m,M ]. The concept of self-adjointedness also dominated
especially on Riemann-Stieltjes integrals.

Proposition 3.4 ([2], Proposition 4.) If U ∈ B(H) is a unitary, then
it follows closely that each complex-valued function that is continuous on a
complex unit circle.

This proposition here addressed the unitaries in Hilbert spaces. All functions
here were deemed complex-valued and confined within the complex unit cir-
cle. The study utilized the knowledge of Schwartz inequalities for nonnegative
operators, they attained their desired results. The results here were basically
for Riemann-Stieltjes integrals.

Proposition 3.5 ([14],Proposition 5.) If U ∈ B(H) is a unitary, Then
it follows closely that each complex-valued function that is continuous on a
complex unit circle denoted by f : C(0, 1) → C gives the inequality;

|(f, g; (U)x, y)|2 ≤ 1

2
D(f, g; (U)x, y)

√
[B(f, g; (U)x)][B(f, g; (U)x)]

∀ x, y ∈ H

From this study, it was postulated that every Unitary operator acting on
Hilbert space and the functions here were deemed complex-valued acting on a
complex unit circle and their results attained. However, the study results here
were geared towards Riemann-Stieltjes integrals.

Theorem 3.6 ([10],Theorem A.) Suppose that f, g ∈ L2
p([p, ] : h), such that

L2
p ∈ H and h is function that is strongly measurable in that h : [p, q] → H

giving intqpρ(t)∥h(t)∥2dt for any function ρ.
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From Theorem 3.6, their study puts L2
p as a Hilbert space containing some

functions that are strongly measurable for which all integrals defined here are
finite. They obtained the positive constants 1

2
and 1

4
in their final results of

this theorem. Its clear from this work that they majorly gave much knowledge
about reverses of CBS inequalities for the general integral operators. However,
the study does not in any measure include in totality any aspect of IPTIT.
Pecaric in [10] theorem B applies the idea of strongly measurable functions to
achieve the desired results. It was noted that the factor 1

4
is the least possible.

Having looked at this work keenly, the study only focused on obtaining the
reverse inequalities for general form of integral operators but no regard to
IPTIT.
The work of [27] postulates that for all strongly measurable functions with
finite integrals, and all scalars were real complex numbers. The study describes
the reverse inequalities of the general integral operators majorly. Indeed the
study had very interesting proof here but failed to address the issue of IPTIT
that has attracted our attention and other researchers as well. Our findings
are well elaborative and found in this work.

Lemma 3.7 ([20], Lemma 1.) For any two vector functions f and g in a
complex measurable space L2(Ω, H) they satisfy the CBS-inequality.

This lemma used the idea of vector functioning from the complex Hilbert
spaces to describe the inequalities of CBS with respect to the general integral
operators. By the method of integration of the functions over a measurable
space and a complex valued function. Clearly, this result show that they
only considered in general the integral operators but not specifically the main
subject of this study.
In [10] theorem 2 the authors described the inequalities in terms of the quadratic
arithmetic mean for integrals. Consequently, the reverse inequalities for CBS
general integrals were obtained. This means that the specificity of IPTIT have
not been exploited yet.

4 Research methodology

In this study, we used some fundamental principles and known results that are
deemed useful to execute our tasks. Several technical approaches have been
employed and the known results which are useful to our study utilized.

4.1 Known fundamental theorems

Lemma 4.1 ([5] Lemma 2.11) Let any two non empty sets W and S be
bounded in the plane and α ∈ U, β ∈ V then ∃ t0 (positive number) then
t0 ∈ bndry(W ), β|t0 ∈ S or, t0 ∈ W, β|t0 ∈ bndry(S).
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Lemma 4.2 ([5], Lemma 2.2.1) For some operators X An and Bn if bounded,
it holds that Πk

i=1s
p
i (Σ

n
i=1AXB) ≤ Πk

i=1s
p
i (A∗) si(B∗)sp

i+[ i−1
N

]
(X)

Theorem 4.3 ([3], Theorem 3.1d) For every n ∈ N and α > 0, there

holds,
∑n

k=1 s
α
k (
∫
ΩCXDdµ) ≤ ∑α

2

(∫
Ω C|X∗|2−1θC∗dµ

)
s

α
2
k

(∫
ΩD∗|X|2θD∗dµ

)
.

Theorem 4.4 Fuglede-Putnam Theorem ([13], Theorem 1) Let A ∈
Cmn, Q ∈ Cnn and T ∈ Cnm where Cmn is a set comprising of all complex
matrices. If R and Q are normally represented and RT = TQ, then R∗T =
TQ∗.

Theorem 4.5 Fuglede-Putnam Theorem ([20], Theorem 2) A ∈ Cmn

and B ∈ Cnn, where Cmn is a set comprising complex matrices, then AB and
BA are normal if and only if A∗AB = BBA∗ and ABB∗ = B∗BA.

Proposition 4.6 ([1] Proposition 2.1) If A,B,C,D are normal operators,
then

(i). The sum of normal operators is normal. I.e, A+B is normal

(ii). The product of any normal operators is normal. I.e, AB is normal.
Similarly C ×D are normal operators.

Theorem 4.7 ([11], theorem 3.1) Any two definite sequences with m-tuples
power have the property that

∑m
k=1 ak, bk = 0.

In the next part we give the technical approaches which are very instrumental
to this work.

4.2 Technical approaches

Tensor products: Any space containing all linear maps taking elements from
the cross product ofX and Y to another vector space Z is naturally isomorphic
in relation to a space containing linear maps from the tensor product to another
space. This is a construction; X ⊗ Y to Z which will be linear.

Theorem 4.8 For any two vector spaces X and Y over a field K there exist
a tensor product X⊗Y with a canonical bilinear homeomorphism distinguished
up to an isomorphism by the following universal properties: Every bilinear
homeomorphism ϕ : X × Y → Z lifts to a unique homeomorphism, and ϕ :
X ⊗ Y → Z.
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Orthogonal direct sum: Let{Mi}i∈I be a collection of closed subspaces of
H such that Mi⊥Mj whenever i ̸= j. Then the orthogonal direct sum of the
Mi is the smallest closed subspace which contains every Mi. This space is
⊕i∈I = span(∪i∈IMi)
Splitting lemma: Let A = A1+A2+...+Ag andB = B1+B2+...+Bg. If all Ai

and Bi are symmetric positive semi-definite and if for each i, Ai is in the range
of Bi then σ(A,B) ≤ maxiσ(Ai, Bi). The splitting lemma is normally used
for decomposition of a matrix A into the sum of rank-one matrices with each
corresponding to one off-diagonal and by decomposing B into path matrices.
(The matrices that can be permuted symmetrically to a traditional form and
which have only one non-zero irreducible block).

Example 4.9 Let A =

 2 −1 −1
−1 2 −1
−1 −1 2

, U =

 1 0 1
−1 1 0
1 −1 −1

, B =

 1 −1 0
−1 2 −1
0 −1 1

 and V =

 1 0
−1 1
0 1

 to have U and V complete to a triplet

which is symmetric we shall have that W =

(
1 0 1
0 1 1

)
then the 2-norm of

∥W∥2 =
√
3. by choosing ϵ = 1√

2
it yields, ∥W∥2 = 2. We use splitting to

achieve ∥W̃∥2 = ∥W∥2 =
√
3.

Let S =

 √
1
3

0 0 0
√

2
3

0

0 0 0
√

1
3

0
√

1
3

 So

W =



√
3 0 0
0 0 0
0 0 0

0
√
3 0

0 0
√
3
2

0 0
√
3
2


=



√
3
0

0√
3 √

3
2√
3
2


The W is shown without zeros to emphasize the structure of its columns.

Frobenius Heuristic : Let W be a matrix and M a diagonal matrix s.t (i, j)
the value in the jth-matrix will be given by:

(Dj)i,j =

√
|Wi,j|√∑m
c=1 |Wi,c|

Example 4.10 Frobenius Heuristic minimizes ∥W̃∥F over all fractional
splittings of W . To illustrate this, we already know that each row is mini-
mized to ∥W̃∥F ∀ i, j ∈ W̃ , are non zero elements of the vectors Dj

+Wi,j for
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j = 1, ...,m. The ith element of this vector (Dj
+)i,iWi,j is (Dj

+)i,iWi,j given
that Wi,j = 0, so we have that (Dj

+)i,iWi,j = 0, otherwise (Dj
+)Wi,iWi,j =

Wi,j

(D)i,j
. On the second part, it follows that by breaking the minimization prob-

lem into k-independent sub-problems. It can be seen that
∑m

j=1 x
2 = 1. Let

f(x1, ..., xm, λ) =
∑m

j=1(
cj
xj
)2 + λ(

∑m
j=1 x

2 − 1). The minimizer satisfies

0 =
δf

δxi

= −2.
c2

x3
j

+ 2λi,

0 =
δf

δλ
=

m∑
j=1

x2j − 1

then it follows that C2
i = λx4i, therefore x2

i = |ci|√
λ
. Since

∑m
j=1 x

2j = 1, it
follows that

m∑
j=1

|cj|√
λ
= 1.

and hence,
1√
λ

m∑
j=1

|cj| = 1

and so’

λ =
m∑
j=1

|cj|.

Now we have that x2
i =

|ci|√
λ
so it follows that,

x2
i =

|ci|∑m
j=1 |ci|

and thus

xi =

√
|ci|√∑m

j=1 = 1|cj|

5 Main results

In this section, we investigate certain inequalities for IPTIT. We carry out our
investigation under different technical approaches.

5.1 Cauchy-Schwarz Inequalities for IPTIT

At this point, we have given the results on the CS-inequalities for integral
operators of the class of Inner product transformers. In this part also, we refer
to any integrability of these operators to be Gel’fand. Moreover, these integral
are weak.
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Theorem 5.1 Let X ∈ B(H1, H2) and ∧T ∈ BIPTIT (B(H1), B(H2)) then∥∥∥∧TS∗,SX
∥∥∥
q
≤
∥∥∥∧TS,q|X|

∥∥∥ 1
2
− q−1

2q

q

∥∥∥∧TS,q|X|
∥∥∥ 1

2
− 1

2q

q
∥X∥

1
q
q , ∀S, S∗ ∈ B(H1, H2) and q ∈

H.

Proof. We can represent the polar decomposition of X as U |X| such that

U |X| = |X∗| 12U |X| 12 then we apply |X| 12S, S|X∗| 12 in this case to give∥∥∥∧TS∗,SX
∥∥∥
q

=
∥∥∥∥∧TS∗,S

√
|X∗|,

√
|X|(U)

∥∥∥∥
q

≤ ∥(∧T
S
√

|X∗|,S∗
√

|X∗|(
∧T
S∗
√

|X∗|},
√

|X|S(I))
q−1)

1
2

XU(∧T
S
√

|X∗|,S∗
√

|X∗|(
∧T
S∗
√

|X∗|,S
√

|X|(I))
q−1)

1
2∥

=
∥∥∥∥(∧TS

√
|X∗|,S∗

√
|X∗|(

∧T
S∗
√

|X∗|,S
√

|X|(I))
q−1)

1
2

∥∥∥∥
2q

X ∥U∥
∥∥∥∥(∧TS

√
|X∗|,S∗

√
|X∗|(

∧T
S∗
√

|X∗|,S
√

|X|(I))
q−1)

1
2

∥∥∥∥
2q

=
∥∥∥|X∗|

1
2 ∧TS,S∗(∧TS∗,S|X∗|q−1|X∗|)

1
2q

∥∥∥
1
X∥U∥

∥∥∥|X|
1
2 ∧TS,S∗(∧TS,S∗ |X|q−1|X|

1
2 )
∥∥∥ 1

2

≤
∥∥∥|X|

1
2

∥∥∥ 2
2q

2q

∥∥∥∧TS,S∗(∧TS∗,S|X∗|q−1)
∥∥∥ 1

2q

q
q−1

∥∥∥|X|
1
2

∥∥∥X ∥∥∥∧TS,S∗(∧TS,S∗|X|)q−1
∥∥∥ 1

2q

q
q−1

=
∥∥∥(∧T S, q|X∗|)q−1

∥∥∥ 1
2q

q
q−1

∥∥∥(∧TS,q|X|q−1)
∥∥∥ 1
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q
q−1

∥X∥
1
q
q

≤
∥∥∥∧TS,q|X|

∥∥∥ 1
2
− q−1

2q

q

∥∥∥∧TS,q|X|
∥∥∥ 1

2
− 1

2q

q
∥X∥

1
q
q .

Theorem 5.2 Suppose that X ∈ B(H1, H2) and ∧T ∈ BIPTIT (B(H1), B(H2))

then ∀ 1 ≤ l ≤ m, we have that
∥∥∥∧T l

S,qX
∥∥∥
q
≤
∥∥∥∧T m

S,qX
∥∥∥ l

m

q
∥X∥1−

l
m

q , ∀q ∈ H.

Proof. By Theorem 5.1, we use S∗ as S and q
q−1

as q. Then we have that,∥∥∥∧TS,S∗X
∥∥∥ q

q−1

≤
∥∥∥∧TS∗, q

q−1
|X∗|

∥∥∥ 1
2q

q
q−1

∥∥∥∧TS∗, q
q−1

|X∗|
∥∥∥ 1

2q

q
q−1

∥X∥
1− 1

q
q

q−1
. This implies that

∥∥∥∧TS∗,qX
∥∥∥
q

=

∥∥∥∥∥
(
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(
∧TS∗,SX

)q−1
) 1

q−1

∥∥∥∥∥
q

=
∥∥∥∥∧TS,S∗

(
∧TS∗,SX

)q−1
∥∥∥∥ 1

q−1

q
q−1

=

∥∥∥∥∧TS∗, q
q−1

(
∧TS∗,SX

)q−1
∥∥∥∥ 1

q

q
q−1

∥∥∥∥(∧TS∗,SX
)q−1

∥∥∥∥1− 1
q

q
q−1

 1
q−1

=
∥∥∥∥(∧TS∗,S

∧TS∗,qX
)q−1

∥∥∥∥ 1
q

q
q−1

∥∥∥∧TS∗,SX
∥∥∥1− 1
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q
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=
∥∥∥∧TS∗,S

∧TS,qX
∥∥∥ q−1

q

q

∥∥∥∧TS∗,SX
∥∥∥1− 1

q

q

=

(∥∥∥ ∧T ∈
S,qX

∥∥∥ q−1
q

q

∥∥∥∧TS,qX
∥∥∥) 1

q
(∥∥∥∧TS,qX

∥∥∥ q−1
q

q
∥X∥

1
q
q

)1− 1
q

=
∥∥∥ ∧T ∈

S,qX
∥∥∥ q−1

q

q

∥∥∥∧TS,qX
∥∥∥ 1

q
+

(q−1)2

q2

q
∥X∥

q−1
q

q .

Dividing through by
∥∥∥∧TS,qX

∥∥∥ 1
q
+

(q−1)2

q2

q
, we get the earlier supposition that∥∥∥∧TS,qX

∥∥∥2
q

=
∥∥∥∧TS,q

∧T m−1
S,q X

∥∥∥2
q

(1)

≤
∥∥∥∧T m+1

S,q X
∥∥∥
q

∥∥∥∧T m−1
S,q X

∥∥∥
q

(2)

≤
∥∥∥∧T m+1

S,q X
∥∥∥
q

∥∥∥∧TS,qX
∥∥∥m−1

q
∥X∥

1
m
q . (3)

This implies that
∥∥∥∧T m

S,qX
∥∥∥
q
≤
∥∥∥∧T m+1

S,q X
∥∥∥ m

m+1

q
∥X∥

1
m+1
q for all

1 ≤ l ≤ m, we have by 5.8 and 3 that
∥∥∥∧T l

S,qX
∥∥∥
q
≤
∥∥∥∧T m

S,qX
∥∥∥ l

m

q
∥X∥1−

l
m

q .

Theorem 5.3 Let ∧TS1,S2 ∈ BIPTIT (B(H1), B(H2)), S1, S2 ∈ B(H1, H2) and
for all p, t, k, q ≥ 1 such that 1

q
= 1

p
+ 1

t
+ 1

k
, then the following inequality

holds.
∥∥∥ 1
M

∑m
m=1 S1XS2

∥∥∥
q
≤
∥∥∥ 1
M

∑m
m=1 S1S∗

1

∥∥∥
p

∥∥∥ 1
M

∑m
m=1 S2S

∗
2

∥∥∥ , for all X fixed

in B(H1, H2).

Proof. From Lemma 4.2 we have an implication that for all n = 1, 2, ..., then
it holds that

n∏
i=1

kq
i

(
m∑

m=1

S1XS2

)
≤

n∏
i=1

kq
i (S

∗
1) k

q
i (S

∗
1)k

q

i+[ i−1
M

]
(X).

Now, there exist a sequence {ln(kq
i (
∑m

i=1 S1XS2))}i that is weakly majorized
by the sequence {ln(kq

i (S
∗
1)K

q
i (S2)S

q

i+[ i−1
M

]
(X))}i to give

n∑
i=1

kq
i

(
m∑

m=1

S1XS2

)
≤

n∑
i=1

kq
i (S

∗
1) k

q
i (S

∗
1) k

q

i+[ i−1
M

]
(X).

Applying the Hölders inequality for real numbers we get∥∥∥∥∥
m∑

m=1

S1XS2

∥∥∥∥∥
q

q

=

∥∥∥∥∥
∞∑
i=1

kq
i

(
m∑

m=1

S1XS2

)∥∥∥∥∥
≤

( ∞∑
i=1

kq
i (S

∗
1)

q
p

∞∑
i=1

kt
i (S

∗
1)

q
t

∞∑
i=1

kk
i+[ i−1

M
]
(X)

) q
k

= M
q
t ∥S∗

1∥qp∥S2∥qt∥X∥qk.

As M
q
p
−p− q

t = M
q
t we get the equivalence as stated in this theorem.
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Theorem 5.4 Let ∧T ∈ BIPTIT (B(H1), B(H2)) such that S1, S2 ∈ B(H1, H2)
and for all X ∈ B(H1, H2) then ∧T can represented as ,∧TS1,S2(X) =

∑n=1
N S1XS2

and we have that

∥∥∥∧TS1,S2

∥∥∥
B(H1)→B(H2)

≤

∥∥∥∥∥∥
{
t
1
2
i

(
N∑

n=1

S1S
∗
1

)
t
1
2
i

(
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S∗
2S2

)
i=1

}∞∥∥∥∥∥∥ . (4)

Thus,
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∥∥∥
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≤ q
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(
N∑
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1
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S1

 t
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2
i

 N∑
n=1

S2

(
N∑

n=1

S∗
2 , S2

)q−1

S∗
2

.
In particular, if S∗

2 = S1 ∀n = 1, ..., N then we have that

∥∥∥∧TS1,S2

∥∥∥
B(H)→B(H)

=
∥∥∥∧TS1,S2(I)

∥∥∥
q
=

∥∥∥∥∥
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i=1

S1XS∗
2

∥∥∥∥∥
q

.

Proof. From Equation 4 and Theorem 5.3, we have that∥∥∥∥∥∥∥
 m∑
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(
m∑
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1
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2

(
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∗
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 1
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≤

∥∥∥∥∥∥
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Again, we have that

∥∧TS1,S2∥q ≤

 ∞∑
i=1

ti

(
m∑

m=1

S1, S
∗
1

)q−1

S1


≤ tr

 ∞∑
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S1

(
m∑

m=1

S1, S
∗
1

)q−1

S1


= ∥

(
m∑

m=1

S1, S
∗
1

)
∥qq

= ∥∧TS1,S2(I)∥qq
≤ ∥∧TS1,S2∥q.

This gives the desired results.
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Theorem 5.5 Let ∧T ∈ BIPTIT (B(H1), B(H2)) such that S1, S2 ∈ B(H1, H2)
and also let each of the sequences {S1n}∞n=1, {S2n}∞n=1 ∈ B((H1), B(H2)) be
consisting of normal operators S1 and S2. Let also f be an analytic func-
tion with positive Taylor coefficients such that f

(∥∥∥∑∞
n=1 S

∗
1nS1n

∥∥∥) < ∞ and

f
(∥∥∥∑∞

n=1 S
∗
2nS2n

∥∥∥) < ∞ thus for all symmetrical normal functions Φ and for

all X ∈ CΦ(H) we have
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∥∥∥
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Proof. We know that f(z) =
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n=0CnZ
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n!
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that,

f

( ∞∑
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Now applying ([15], Theorem 3.2) on {
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∥
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≤

∥∥∥∥∥∥∥
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.

Theorem 5.6 Let ∧TS1,S2 ∈ BIPTIT (B(H1, B(H2)) and ∀S1, S2 ∈ B(H1, H2),
we have some strong square summable families of sequences {S∗

1n}
∞
n=1, {S1n}∞n=1,

{S2n}∞n=1 and {S∗
2n}

∞
n=1. For any arbitrary symmetric normed function Q and

q ≥ 2, we have that

∥∥∥∧TS1,S2(X)
∥∥∥
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(5)

Proof. Since {S1n}∞n=1 and {S2n}∞n=1 are mutually commuting normal opera-
tors, then for any X ∈ B(H) we have that,
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This implies that,
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Theorem 5.7 Suppose that ∧TS1,S2 ∈ BIPTIT (B(H1, B(H2)) and that S1, S2 ∈
B(H1, H2). We can also have ∀ f and X ∈ H, that

∑∞
n=1

(
∥S1nf∥

2 +
∥∥∥S∗

1nf
∥∥∥2 + ∥S2nf∥

2 +
∥∥∥S∗
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∥∥∥2) <
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∥∥∥ ≤ ∥∑∞
n=1 S1nS

∗
1n∥ ∥

∑∞
n=1 S

∗
2nS2n∥∥X∥.

Proof. By definition, ∧T S1 and S2 are bounded operators and hence the func-
tions f and g too are bounded in H. This implies that

∑∞
n=1 S

∗
2nS2n and∑∞

n=1 S1nS
∗
2n too are bounded operators so we have that∣∣∣∣∣
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2nS2n
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Proposition 5.8 Let ∧T ∈ BIPTIT (B(H1), B(H2)) and for all q ≥ 1, its nec-

essary that for ∧TS∗,S : B(H1) → B(H2) to be bounded, then Rq =
Max
n,m∈N q∈Γ

∥∥∥∧TS,q

(
q

q
√
n

)∥∥∥ q−1
mq ,

where Γ is a rank two operator, for all Rq ≤ ∥∧TS∗,S∥q B(H)→B(H). It is also suffi-

cient that for q = 2, we have
∥∥∥∧TS∗,S

∥∥∥
q B(H)→B(H)

=max
m∈N , q∈Γ

∥∥∥∧TS,S∗ ∧TS∗,S(X)
∥∥∥ 1

2m .

Proof. Its clear without loss of generality that ∀ q > 1 and X ∈ B(H1, H2) we
have that

∥∥∥∧TS,qX
∥∥∥
q

=

∥∥∥∥∥
(
∧TS,S∗

(
∧TS∗,SX

)q−1
) 1

q−1

∥∥∥∥∥
q

=
∥∥∥∥∧TS,S∗

(
∧TS∗,SX

)q−1
∥∥∥∥ 1

q−1

1
q−1

≤
∥∥∥∧TS,S∗

∥∥∥ 1
q−1

B(H)→B(H)

∥∥∥∥(∧TS∗,SX
)q−1

∥∥∥∥ 1
q−1

∥X∥q

≤
∥∥∥∧TS,S∗

∥∥∥ 1
q−1

B(H)→B(H)

∥∥∥∧TS∗,SX
∥∥∥
q

=
∥∥∥∧TS,S∗

∥∥∥ 1
q−1

B(H)→B(H)
∥X∥q.
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By mathematical induction, we have that

∥∥∥∥∥∧T m
S,q

X

∥X∥q

∥∥∥∥∥
q−1
m

≤

∥∥∥∧TS,S∗

∥∥∥ q−m
mq

B(H)→B(H)

∥∥∥∥∥ X

∥X∥q

∥∥∥∥∥
q


q−1
mq

=
∥∥∥∧TS,S∗

∥∥∥
B(H)→B(H)

.

Taking X as Q, we have that ∥Q∥q = q
√
Q for all X ∈ Γn for all q = 2 we have

that ∧TS,q = ∧TS,S∗∧TS∗S. So by the statement of Proposition 5.8, we have that

∥∥∥∧TS∗,SX
∥∥∥ =

∥∥∥∧TS,S∗∧TS∗,S|X∗|
∥∥∥ 1

4

2
∥X∥

1
2
2

≤
∥∥∥(∧TS,S∗∧TS∗,S

)m
|X∗|

∥∥∥ 1
4m

2

∥∥∥(∧TS,S∗∧TS∗,S

)m
|X∗|

∥∥∥ 1
4m

2
∥X∥1−

1
2m

2 .

Assuming that X be a singular value after expansion of X takes the form
X =

∑∞
n=1 an(X)e∗n ⊗ fn. By choosing the orthogonal systems {em} and {fm},

Let also Q ∈ ∑n
l=1{e∗l } ⊗ {el} and R =

∑n
l=1 f

∗
l ⊗ fl. So R,Q ∈ Γ satisfying

RXQ =
∑n

l=1 ak(X)e∗l ⊗ fl. Hence, |RXQ| = ∑n
k=1 el(X)e∗l ⊗ el = |X|Q =

Q|X|. and |(RXQ)∗| = ∑n
l=1 el(X)f ∗

l ⊗ fl = |X∗|Q = Q|X∗|. Now, a special
case arises that (∧TS,S∗∧TS∗,S)

m is an IPTIT. Thus, it takes the form, ∧TS,S∗X =∫
Ω S∗XSdµ and this implies that

(∧TS,S∗∧TS∗,S)
m =

∫
(nXn)m

(
Πm

l=1StlS
∗
tl

)∗
XΠm

l=1StlS
∗
tl
dµ(t− l)dµ(tl).

Since q = 2, we have

∥(∧TS,S∗∧TS∗,S)(Q|X|Q)∥2 = ∧TS∗,S)(Q|X|Q)∥2
= ∧TS∗,S)|X|∥2
≤ (∧TS∗Q,QS

∧TSQ,S∗Q(I)
1
4 |X|)(∧TS∗Q,QS

∧TSQ,S∗Q(I)
1
4 |X|)∥2

≤ ∥∧TS∗Q,QS
∧TSQ,S∗Q(I)

1
2 |X|∥

≤ Q∧TS∗,S(∧TS,S∗(Q))(I)
1
2∥X∥2

≤ ∥(∧TS,S∗∧TS∗,S)
2Q∥

1
2∥X∥2

Likewise, ∥∧TS,S∗(R|X∗|R)∥2 ≤ ∥(∧TS,S∗∧TS∗,S)
2m(R)∥ 1

2∥X∥2.
Taking L′

2 =Max
m∈N ,q∈Γn

∥(∧TS,S∗∧TS∗,S)
n(R)∥ 1

4n . Then we apply to RXQ in
place of X to get

∥∧TS,S∗(Q|X∗|R)∥2 = ∥(∧TS,S∗∧TS∗,S)
2m(Q)∥

1
8n (∧TS,S∗∧TS∗,S)

2m(R)∥
1
8n∥X∥2

= n
1
2nL′

2∥X∥2.∀n ∈ N andn → ∞.
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We see that ∥∧TS∗,S(RXQ)∥2 ≤ L′
2∥X∥2∀n ∈ N and Q,R ∈ Γn. Therefore,

the lower semi-continuity of ∥.∥, assumes that ∥X∥2 =lim
n→∞ ∥RnXQn∥2. Hence,

∥limn→∞∥RnXQn∥2−X∥22−lim
n→∞∥RnXQn∥2 = 0, for allX ∈ B(H) a contradiction

to that ∥∧TS∗,SX∥2 ≤ L′
2∥X∥2, for all X ∈ B(H). Hence, a required reverse

inequality ∥∧TS∗,SX∥2 ≤ L′
2.

5.2 Cauchy-Buniakowski-Schwarz Inequalities for IPTIT

At this point we consider the CBS-inequality for IPTIT. We begin with the
following proposition.

Proposition 5.9 Let T̂n ∈ BIPTIT (B(Hn) and given α = α1, ..., αn ∈ C+

then we have the CBS−inequality as

( p∑
i=1

|T̂n|
){ p∑

i=1

|α|2
}
−
∣∣∣∣∣

p∑
i=1

αT̂n

∣∣∣∣∣
2

≤
p∑

i=1

|T̂n − ᾱW |2
{ p∑

i=1

|α|2
}
, (7)

where

W =

( p∑
i=1

αT̂n

)[ p∑
i=1

|α|2
]−1

. (8)

Proof. Consider
∑p

i=1 |α|2 ̸= 0, then we see that

p∑
i=1

|T̂n − αW |2 ≤
p∑

i=1

(T̂n − αW ∗)(T̂n − αW )

≤
p∑

i=1

|T̂n|2 −
p∑

i=1

ᾱT̂ ∗
n W −

p∑
i=1

αW ∗T̂n +

{ p∑
i=1

|α|2
}
|W |2.

Since W is well defined in Equation 8, we have that

p∑
i=1

|T̂n − ᾱnW |2 =
p∑

i=1

|T̂n|2 −

∣∣∣∑p
i=1 αT̂n

∣∣∣2∑p
i=1 |α|2

.

Theorem 5.10 Let T̂n ∈ BIPTIT (B(Hn) and given α = α1, ..., αn ∈ R+

and k ≥ 2, we have that
∑p

i=1
|α1

∧Ti−α2T̂j |2
α1α2

≤ {∑p
i=1 α1}

∑p
i=1

|T̂i|
α1

−
∣∣∣∑p

i=1 T̂i

∣∣∣2 .
Proof. To achieve this, mathematical induction is applied to the second part
and show that it coincides with our inequality. So

P (n) :

( p∑
i=1

α1

) p∑
i=1

|T̂i|2

α1

−
∣∣∣∣∣

p∑
i=1

T̂i

∣∣∣∣∣
2

≤
p∑

i=1

|α1
∧Ti − α2T̂j|2

α1α2

,
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for all n ≥ 2. Assuming P (k) as for k ≥ 2 is true, we prove for P (k + 1).

P (n) :

(
k+1∑
i=1

α1

)
k+1∑
i=1

|T̂i|2

α1

−
∣∣∣∣∣
k+1∑
i=1

T̂i

∣∣∣∣∣
2

=

( p∑
i=1

α1

) p∑
i=1

|T̂i|2

α1

+ αk+1
|T̂i|2

α1

+ ...+

αk+1
|T̂i|2

α1

+ |T̂k+1|2 −

∣∣∣∣∣∣
p∑

j=1

T̂k

∣∣∣∣∣∣
2

− (T̂ ∗
k + ...+ T̂ ∗

k )T̂k+1 − (T̂k + ...+ T̂k)T̂ ∗
k+1 − |T̂k+1|2

=
p∑

i=1

|α1
∧Ti − α2T̂j|2

α1α2

+
p∑

i=1

|α1
∧Tk+1 − αk+1T̂j|2

α1αk+1

≥
p∑

i=1

|α1
∧Ti − α2T̂j|2

α1α2

.

Hence, the reverse deduction and so our earlier supposition is true that

p∑
i=1

|α1
∧Ti − α2T̂j|2

α1α2

≤
{ p∑

i=1

α1

} p∑
i=1

|T̂i|
α1

−
∣∣∣∣∣

p∑
i=1

T̂i

∣∣∣∣∣
2

.

Theorem 5.11 If T̂a and T̂b are IPTITs, we can have the CBS-inequality
as |α1T̂a+α2T̂b|2 ≤ (α1−α2)(α1|T̂a|2−α2|T̂b|2)+α1α2|T̂a+ T̂b|2, ∀α1, α2 ∈ R+.

Proof. The right hand side shows that

(α2
1 − α1α2)|T̂a|2 + (α2

2 − α1α2|T̂b|2) + α1α2(T̂ ∗
a + T̂ ∗

b )(T̂a + T̂b)

= (α2
1 − α1α2)(|T̂a|2 + (α2

2 − α1α2)|T̂b|2)α1α2|T̂a|2 + α1α2T̂ ∗
a T̂ ∗

b + α1α2

≤ (α2
1|T̂a|2 + α2

2|T̂b|2) + α1α2T̂ ∗
a T̂ ∗

b α1α2T̂ ∗
b T̂ ∗

a

Hence, the statement is true.

Theorem 5.12 Given T̂a, T̂b ∈ BIPTIT (B(H1, H2)) and that 0 ≤ α ≥ 1
then it holds that

0.5
∨
{α, 1− α}|T̂a − T̂b|2 ≤ α|T̂a|2 + (1− α)|T̂b| − |αT̂a + (1− α)T̂b|2

≤ 0.5
∧
{α, 1− α}|T̂a − T̂b|2

only when α = 0.5 or T̂a = T̂b and a, b ∈ R+.

Proof. Since we already have the inequality 0.5
∨{α, 1−α} ≤ 0.5

∧{α, 1−α},
for all 0 ≤ α ≤ 1 and that T̂a, T̂b ∈ BIPTIT (B(H1, H2)), then we have that
α1T̂ ≤ α2T̂ ≤ α3T̂ , where T̂ = |T̂a − T̂b|2 ≥ 0. By letting α = 0.5, the
inequality for T̂a = λT̂b follows that

0.5
∨
{α, 1− α}(κ− 1)2 ≤ α(1− α)(κ− 1)2

≤ 0.5
∧
{α, 1− α}(κ− 1)2,

for any κ ∈ R+.
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Theorem 5.13 Given T̂a, T̂b ∈ BIPTIT (B(H1, H2)) be any positive operator
and that α1, ..., αn ∈ R+, then we can have(
α2 −

p∑
i=1

α2
i

)
|αjT̂i − αiT̂j|2

α2 − α2
j

≤
∣∣∣∣∣αT̂ −

p∑
i=1

αiT̂i

∣∣∣∣∣
2

−
(
α2 −

p∑
i=1

α2
i

)(
|T̂ |2 −

p∑
i=1

|T̂i|2
)

≥ 0,

for all i, j ∈ {1, ..., k}.

Proof. We choose any arbitrary sequence X−n then by monotonicity we have
that

Xn =

∣∣∣αT̂ −∑p
i=1 αiT̂i

∣∣∣
α2 −∑p

i=1 α
2
i

− |X|2 +
p∑

i=1

|T̂i|2,

for all n ≤ k we can have a representation as

Xn+1 −Xn =

∣∣∣αT̂ −∑p
i=1 αiT̂i − αn+1T̂n+1

∣∣∣2
α2 −∑p

i=1 α
2
i − α2

n+1

+ |T̂n+1|2 −

∣∣∣αT̂ ∑p
i=1 αiT̂i

∣∣∣
α2 −∑p

i=1 α
2
i

.

Applying the inequality of Bergetrom, for any two operators, we have∣∣∣∣∣αT̂ −
k∑

i=1

αiT̂i

∣∣∣∣∣
2

≤ |αn+1T̂n+1|2

α2
n+1

+

∣∣∣∣∣αT̂ −
p∑

i=1

T̂i − αn+1T̂n+1

∣∣∣∣∣
2

.

This implies that Xn+1−Xn ≥ 0 hence increasing sequence. Therefore, we get
Xk ≥ Xk−1 ≥ ... ≥ Xi. We note that

|αiT̂i − αjT̂j|2

α2
i − α2

j

=
|αiT̂i − αjT̂j|

α2
i − α2

j

− |T̂i|2 + |T̂j|2

= Xi.

Rearranging the terms of the sequence, we have the inequality Xn = αj T̂j−αiT̂i
α2
i−α2

j
.

Multiplying through by α2
i −

∑p
i=1 α

2
j > 0 we get the initial supposition of the

inequality.

6 Open Problems

A lot of researches have been carried out on inner product type integral trans-
formers (IPTIT) with regard to various aspects including spectra, numeri-
cal ranges and operator inequalities. Consider M and N to be weakly µ-
measurable operator valued (OV) functions such that M,N : Ω → B(X) for
any Q ∈ B(H). If M and N are integrable with respect to Gel’fand axiom,
then we obtain a linear transformation arising from the inner product space as
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Q 7→
∫
Ω MtQNt∂(t). There still exists an open problem regarding IPTIT while

studying inequalities for IPTIT with spectra limited to the unit disc in complex
domains. It has been pointed out that the inequalities, and in particular CBS-
inequality, can only be attained for these IPTIT if only one of the operator
M or N is normal. Therefore, in this note we solve this problem by obtaining
CBS-inequalities for IPTIT in Banach spaces. This leaves one natural open
problem that should be tackled. Problem : Can the CBS-inequalities be
deduce in the space of norm-attainable operators?
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