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Abstract
This work is concerned with the study of the delayed sixth-
order Boussinesq equation with dynamic boundary conditions
in a bounded domain. The local existence is investigated un-
der some under suitable conditions by using Faedo-Galerkin
method.
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1 Introduction

1.1 Setting of the problem:

In this work, we consider the following delayed sixth-order Boussinesq equation
with dynamic boundary conditions

( Uy — Upgzzee + M1 Useaat + potly (2,1 —T) = |u\q_2 w in (z,t) € (0,1) x (0,T),
w(0,t) = uy (0,1) = ugy (0,8) =0 inte (0,T),
(Uge + Ugze) (I, ) =0 in (z,t) € (0,1) x (0,T
(u:(:tt — Ugzzz + ,Uluzmt> (lvt) = 0 in (l’,t) € <07 l) X (07T
(Ut — 1 Uppat + Uszzze) (1) =0 in (z,t) € (0,1) x (0,7
ug (x,t —71) = folx,t —7) in (x,t) € (0,1) x [0,7
u(x,0) =wug (), u(x,0) =vy () inz € (0,()

\
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where p is a positive constant, s is a real number, ¢ > 2, 7 > 0 denotes the
time delay, the initial value uq, vg, fo are given functions, [ > 0.

e Time delays often appear in many practical problems such as biological,
chemical and physical, thermal and economic phenomena [6].

e In 1872, Boussinesq [2]| derived the following classical Boussinesq equa-
tions
Uy — Ugy T PWUpggpr = (uz)mx )

2
Ut — Ugy — Uzt = (U )mx .

The Boussinesq equation to describe the propagation of small amplitude
long waves on the surface of shallow water. In [4] Daripa derived the
higher-order Boussinesq equation

2 2
Ut — Ugy — a(u )rz :F QUggzy — € QUggrzar = 0
for two-way propagation of shallow water waves.

e Dynamic boundary condition are not only important from the theoretical
views but also arising in various practical problems [14].

1.2 Literature overview:

In [3], Dalsen (1994) considered the damped beam problem as follows:

(0,00),

,
Ut — 2pu;r:ct + Ugzze = 0 n

(0
w(0,t) = u; (0,t) = uy (0,1) = ugy (0,£) =0 in (0,00
(Ug + Uzz) (I, 1) = 0, (Upy — Q1ULzz) (0,8) =0 in (0,00

(0,00
(0

Y

),
)
)

Y

(Ut + 2pUpp — Ugaz) (I, 1) =0 in
u(z,0) =wug (), u(x,0) = v (2) in ),
\ U(Z,O) =1, U (lao) =K

He established the existence and uniqueness.
In [14], Zhang and Liu (2020) studied the problem as follows:

o~

( Ut — Ugpzaze T H1Ugzaat + M2ty (Ili',t - T) = ’u‘q—Q u in <07 l):
u(0,t) = u, (0,) =0 intec(0,7),
(uz + uxw) (l,t) - 0 iIl (ZL’,t) - (0, l) X (07T
(utt + MUyt — uwxac) (l, t) =0 in (ZE, t) € (O, l) X (07 T
u (x,t—71) = fo(x,t —1) in (z,t) € (0,1) x (0,7),
L u(z,0) =ug(z), w(x,0) =vy(x) in (0,0).

They proved the existence and blows up in finite time of solutions.
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In [5], Esfahani et al. (2012) studied the problem as follows:
Ut = Ugy + Bu:m:xz + Ugzzzas + Ugzzzzr + (|u|a u):vx

They proved the local existence and well-posedness of solutions.
In [11], Polat and Pigkin (2015) studied the problem as follows

Ut — Ugg — Uggit — Uzgzaze — QUgpt = f(u)mc

They proved the lokal existence, global existence and asymptotic behaviour of
solution.

In [8], Pigkin (2013) studied the problme as follows:

Ut — Ugge — Ugatt — Uzzzazs — ku:v:ct = f(u)xaca

studied the blow up of solutions of the equation using the generalized concavity
method.
In [12], Wang (2017) studied the problem as follows:

Ut — Ugg — Ugatt + /BU/JIQ?JJJJ — Uggagazr — YUzat = (f(u))a:ac

studied the existence of global solutions of the equation and its asymptotic
behavior.
In [10], Pigkin and Irkil (2019) studied the problem as follows:

Ut — Uggy — Ugztt + Ugzzatt + Ugzzr + Urzzrzs + (um lOg ’ux‘k)m = 0
studied the global existence and blow up of the sixth-order logarithmic Boussi-
nesq equation.

In addition to the introduction, this paper has two other parts. In part 2,
we give some notations. In part 3, we prove the local existence of solutions to
(1) using Faedo-Galerkin method.

2 Preliminaries

In this part, we present some materials needed in this work. We use the
standard Sobolev spaces L? (0,1) and H* (0,1) with the usual norms ||.||,, and
[l 7+ respectively. Usually, ||.|| denotes the norm ||.|| 2, Next, we define
(u,v) = fol u (z) v (z) dz the scaler product in L*(0,1) (see [1, 9], for details).
We introduce by

W={ueH*(0,1): u(0)=u,(0)=1uy(0)=0}
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the closed subspace of H? (0,1) equipped with the norm equivalent to the usual
norm in H?(0,1). The poincare inequality holds in W; i.e., there exist some

positive constant B = l% such that
ull, < B l[usell, ¢ > 2. (2)

For studying problem (1), we introduce as in [7] a new function z as follows:

z(x,p,t) = uy (x,t — pr), (2,p,t) € (0,1) x (0,1) x (0,7). (3)
Thus, we get
Tz (2, p,t) + 2, (x,p,t) =0, (z,p,t) € (0,1) x (0,1) x (0,T). (4)

Then, the problem (1) takes the form

(

Ut — Ugpprars + H1Uzzzat + Haz (x, 17 t) = ’u‘q—Q u il'l (I7 t) € (07 l) X 07 T) )
Tz (@, p,t) + 2, (2, p,t) =0 in (z,p,t) € (0,1) x (0,1) x (0,7,
w(0,t) = uy (0,t) = ugy (0,8) =0 inte (0,T),
(Ugg + Ugaz) (1, 1) =0 in (z,t) € (0,1) x (0,7,
(Ugtt — Uppgr + H1Uggt) (1) =0 in (z,t) € (0,1) x (0,7,
(utt - ,uluxzxt + uacaczm:r) (l, t) = 0 iIl (I‘,t) € (07 l) X (OaT) )
Z(l’,p,O) :fO(‘r7_pT) in (.I‘,p) S (Ovl) X (071>7
[ u(2,0) =ug(x), w(x,0) =1 () inx € (0,1).

3 Local existence

In this part, we will give the following local existence of solution for the system
(5)-

Theorem 3.1. Assume that ug € H° (0,1)NW, v € W, fo € L*((0,1) x (0,1))
and py > B?|us| then there exist a unique solution (u, z) of system (5) defined
on (0,1) x (0,T) for some constant T > 0 satisfying

we L (0,T; HO (0,)) NW), u; € L% (0,T; W).

Proof. We divide the proof into the following two steps.

Step 1. (Approximate solution)

Let {wnm}o_, a complate orthogonal bases of W. We consider W, =
span {wy, ...,w,}, for all n € N. Also, we can find a set of bases {¢; (z,p)},_,
which is subset of L?((0,1) x (0,1)) such that

(,Dj(llf,()):w]'((ﬂ), I1<j<n
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and we define V,, = span {p1,...,on}, n € N.

Choosing {ug,}, {von} in W, and {2¢,} in V,, such that ug, — ug strongly
in W, vg, — vg strongly in W, and 2y, — fo strongly in L?((0,1) x (0,1)).
We define approximates

ZWJ g]n )

(z, p,t) ZSOJ

where (u,, (t), z, (t)) are solutions of the following system:

( fol Upgwjdr — fol UngrerraWidT + fol Ungrretw; AT + fol pazn (z,1,t) w;dr
= [ |un|? upw;de,
Zn (2,0,1) = up (2, 1),
Up (0,1) = Upg (0,1) = Upge (0,1) =0,
(unaca: + umca:ac) (l’ t) = 07
(unxtt — Unzzzr + Mlunxxt) (l, t)
(untt — M1 Ungzat + unmcxxx) <l7 t) 7
U, (2,0) = ugp (), Une (x,0) = vop (),
f(f [T2nt (x, P, t) + 2np (2, p, t)] pjdx = 0,
[ 20 (7,,0) = fon(z, —pT) = 20n.

(6)
by using the theories of ordinary differantial equation, we have (6) has a unique
solution (gjn (), hjn(t));_, defined on (0, 7).

Step 2. (A priori estimate)
By multiplying the first equation of (6) by ¢/, (), inregrating over (0,1),
using integration by parts, and considering the initial boundary value condi-

tions, we get
1 ! 2 1 ! 2 ! 2
—/ | U dac+—/ ((rm— dx—i—m/ | Unaat || dt

// (, 1, t)upy (¢, )dmdt——/|un|qu

1 l
1 1
= HUONH +5 HUOMJMH q HuOn”g
+1 Q. o)+1 L0)+ 22 (1,0)
2unxt 2U 2 nxr \"’ .
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Let constant & > 0, multiplying eighth equation of (6) by (%) hjn (t) and
integrating over (0,1) x (0,t), we get

f// (x,p,t)dpdx + = /// ZnpZn (T, p, t) dpdxdt

= HZOn”L2 ((0,0)x(0,1)) * (8)

Handling the second term in the left-hand side of (8), we have

/Ot /Ol /01 Znpin (T, p, t) dpdzdt = / / / (z, p,t) dpdxdt,
- // (z,1,t) — 2 (2,0,t)] ded(9)

Adding (7) and (8), using (9), we obtain

E,(0) = +,u1/ ||unmt|| dt—l—ug/ / Zn (2, 1, ) Uy (¢, ) dadt
/ / (z,1,t) — 22 (z,0 t)] dxdt, (10)
here
B, (1) 1/l| 24 +1/ly Pde+ 202 (10 + 22, (1,1)
n = 3 Un T = Unzax X U U,
2, 2/, 9 nat 2
L, 1 [ § 2
+2unmx(7 ) Q/o |up|* d + 9 120l z2(0.0% (0.1)) (11)

Thanks to the Young inequality and (2), we obtain

BQ
l%@+(m el B2 )/nnmuﬁ
€_|M2| // 2
—|—<27_ 5 ] zi(x,1,t) dedt

< E,(0)

Furthermore by choosing 7 |ua| < & < £z (2i1 — |p2| B?), we have

B? B?
%:“fjﬂg“%r>a
leé—w>0
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Thus, we get

¢ t gl
E, (t) +Zg/ Hunmt||2dt+21/ / 22 (z,1,t) dzdt < E, (0). (12)
0 0 Jo

Since the sequence (ugy,), (vo,) and (2o,) are convergent, we can find some
positive constant C, independent of n such that

E.(t) < C.. (13)
Combining (11) and (13), we have

(uy,) is bounded in L* (0, T; W),
(tn¢) is bounded in L™ (0,T; W),
(2,) is bounded in L* (0,T;L*(0,1) x (0,1)).

Therefore, we conclude that

(u,) — u weak star in L (0,T; W)
(Upt) — w, weak star in L (0,7 W)
(z,) — 2z, weak starin L™ (0,77 L*(0,1) x (0,1)).

Noting that the embedding H? (0,1) < H?*(0,1) < H'(0,1) — L*(0,1) are
compact, from Aubin- Lions theorem (see [13]), we conclude that there exist
a subsequence (uy) of (u,) such that

(up) — u strongly in L*(0,T; H' (0,1)).
Thus, we have

(ug) — w strongly and a.e. on (0,1) x (0,7).

We complate the proof. n

4 Open problems

In the present work, we proved the local existence of solutions for problem
(1) using the Faedo-Galerkin method. Under what conditions can the local
solution be extended to a global solution? Moreover, features of the problem
such as energy decay and attractors can be studied.
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