
Int. J. Open Problems Compt. Math., Vol. 18, No. 1, March 2025
Print ISSN: 1998-6262, Online ISSN: 2079-0376
Copyright ©ICSRS Publication, 2025

Local existence of solution for
the delayed sixth-order Boussinesq equation

with dynamic boundary conditions
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Abstract
This work is concerned with the study of the delayed sixth-

order Boussinesq equation with dynamic boundary conditions
in a bounded domain. The local existence is investigated un-
der some under suitable conditions by using Faedo-Galerkin
method.
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1 Introduction

1.1 Setting of the problem:

In this work, we consider the following delayed sixth-order Boussinesq equation
with dynamic boundary conditions

utt − uxxxxxx + µ1uxxxxt + µ2ut (x, t− τ) = |u|q−2 u in (x, t) ∈ (0, l)× (0, T ) ,
u (0, t) = ux (0, t) = uxx (0, t) = 0 in t ∈ (0, T ) ,
(uxx + uxxx) (l, t) = 0 in (x, t) ∈ (0, l)× (0, T ) ,
(uxtt − uxxxx + µ1uxxt) (l, t) = 0 in (x, t) ∈ (0, l)× (0, T ) ,
(utt − µ1uxxxt + uxxxxx) (l, t) = 0 in (x, t) ∈ (0, l)× (0, T ) ,
ut (x, t− τ) = f0 (x, t− τ) in (x, t) ∈ (0, l)× [0, τ) ,
u (x, 0) = u0 (x) , ut (x, 0) = v0 (x) in x ∈ (0, l)

(1)
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where µ1 is a positive constant, µ2 is a real number, q ≥ 2, τ > 0 denotes the
time delay, the initial value u0, v0, f0 are given functions, l > 0.

� Time delays often appear in many practical problems such as biological,
chemical and physical, thermal and economic phenomena [6].

� In 1872, Boussinesq [2] derived the following classical Boussinesq equa-
tions

utt − uxx + µuxxxx =
(
u2
)
xx

,

utt − uxx − uxxtt =
(
u2
)
xx

.

The Boussinesq equation to describe the propagation of small amplitude
long waves on the surface of shallow water. In [4] Daripa derived the
higher-order Boussinesq equation

utt − uxx − α(u2)xx ∓ αuxxxx − ε2αuxxxxxx = 0

for two-way propagation of shallow water waves.

� Dynamic boundary condition are not only important from the theoretical
views but also arising in various practical problems [14].

1.2 Literature overview:

In [3], Dalsen (1994) considered the damped beam problem as follows:

utt − 2ρuxxt + uxxxx = 0 in (0, l)× (0,∞) ,
u (0, t) = ut (0, t) = ux (0, t) = uxt (0, t) = 0 in (0,∞) ,
(ux + uxx) (l, t) = 0, (uxx − α1uxxx) (0, t) = 0 in (0,∞) ,
(utt + 2ρuxt − uxxx) (l, t) = 0 in (0,∞) ,
u (x, 0) = u0 (x) , ut (x, 0) = v0 (x) in (0, l) ,
u (l, 0) = η, ut (l, 0) = µ.

He established the existence and uniqueness.
In [14], Zhang and Liu (2020) studied the problem as follows:

utt − uxxxxxx + µ1uxxxxt + µ2ut (x, t− τ) = |u|q−2 u in (0, l),
u (0, t) = ux (0, t) = 0 in t ∈ (0, T ),
(ux + uxx) (l, t) = 0 in (x, t) ∈ (0, l)× (0, T ),
(utt + µ1uxt − uxxx) (l, t) = 0 in (x, t) ∈ (0, l)× (0, T ),
ut (x, t− τ) = f0 (x, t− τ) in (x, t) ∈ (0, l)× (0, τ),
u (x, 0) = u0 (x) , ut (x, 0) = v0 (x) in (0, l).

They proved the existence and blows up in finite time of solutions.
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In [5], Esfahani et al. (2012) studied the problem as follows:

utt = uxx + βuxxxx + uxxxxxx + uxxxxxx + (|u|α u)xx.

They proved the local existence and well-posedness of solutions.
In [11], Polat and Pişkin (2015) studied the problem as follows

utt − uxx − uxxtt − uxxxxxx − αuxxt = f(u)xx.

They proved the lokal existence, global existence and asymptotic behaviour of
solution.

In [8], Pişkin (2013) studied the problme as follows:

utt − uxx − uxxtt − uxxxxxx − kuxxt = f(u)xx,

studied the blow up of solutions of the equation using the generalized concavity
method.

In [12], Wang (2017) studied the problem as follows:

utt − uxx − uxxtt + βuxxxx − uxxxxxx − γuxxt = (f(u))xx

studied the existence of global solutions of the equation and its asymptotic
behavior.

In [10], Pişkin and Irkil (2019) studied the problem as follows:

utt − uxx − uxxtt + uxxxxtt + uxxxx + uxxxxxx +
(
ux log |ux|k

)
x
= 0

studied the global existence and blow up of the sixth-order logarithmic Boussi-
nesq equation.

In addition to the introduction, this paper has two other parts. In part 2,
we give some notations. In part 3, we prove the local existence of solutions to
(1) using Faedo-Galerkin method.

2 Preliminaries

In this part, we present some materials needed in this work. We use the
standard Sobolev spaces Lp (0, l) and Hs (0, l) with the usual norms ∥.∥Lp and
∥.∥Hs , respectively. Usually, ∥.∥ denotes the norm ∥.∥L2(0,l). Next, we define

(u, v) =
∫ l

0
u (x) v (x) dx the scaler product in L2 (0, l) (see [1, 9], for details).

We introduce by

W =
{
u ∈ H3 (0, l) : u (0) = ux (0) = uxx (0) = 0

}
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the closed subspace of H3 (0, l) equipped with the norm equivalent to the usual
norm in H3 (0, l). The poincare inequality holds in W ; i.e., there exist some

positive constant B = l
q+2
2q such that

∥u∥q ≤ B ∥uxx∥ , q ≥ 2. (2)

For studying problem (1), we introduce as in [7] a new function z as follows:

z (x, ρ, t) = ut (x, t− ρτ) , (x, ρ, t) ∈ (0, l)× (0, 1)× (0, T ) . (3)

Thus, we get

τzt (x, ρ, t) + zρ (x, ρ, t) = 0, (x, ρ, t) ∈ (0, l)× (0, 1)× (0, T ) . (4)

Then, the problem (1) takes the form

utt − uxxxxxx + µ1uxxxxt + µ2z (x, 1, t) = |u|q−2 u in (x, t) ∈ (0, l)× (0, T ) ,
τzt (x, ρ, t) + zρ (x, ρ, t) = 0 in (x, ρ, t) ∈ (0, l)× (0, 1)× (0, T ) ,
u (0, t) = ux (0, t) = uxx (0, t) = 0 in t ∈ (0, T ) ,
(uxx + uxxx) (l, t) = 0 in (x, t) ∈ (0, l)× (0, T ) ,
(uxtt − uxxxx + µ1uxxt) (l, t) = 0 in (x, t) ∈ (0, l)× (0, T ) ,
(utt − µ1uxxxt + uxxxxx) (l, t) = 0 in (x, t) ∈ (0, l)× (0, T ) ,
z (x, ρ, 0) = f0(x,−ρτ) in (x, ρ) ∈ (0, l)× (0, 1) ,
u (x, 0) = u0 (x) , ut (x, 0) = v0 (x) in x ∈ (0, l) .

(5)

3 Local existence

In this part, we will give the following local existence of solution for the system
(5).

Theorem 3.1. Assume that u0 ∈ H6 (0, l)∩W , v0 ∈ W, f0 ∈ L2 ((0, l)× (0, 1))
and µ1 > B2 |µ2| then there exist a unique solution (u, z) of system (5) defined
on (0, l)× (0, T ) for some constant T > 0 satisfying

u ∈ L∞ (
0, T ;H6 (0, l) ∩W

)
, ut ∈ L∞ (0, T ;W) .

Proof. We divide the proof into the following two steps.
Step 1. (Approximate solution)
Let {ωm}∞m=1 a complate orthogonal bases of W . We consider Wn =

span {ω1, ..., ωn} , for all n ∈ N. Also, we can find a set of bases {φj (x, ρ)}nj=1

which is subset of L2 ((0, l)× (0, 1)) such that

φj (x, 0) = ωj (x) , 1 ≤ j ≤ n
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and we define Vn = span {φ1, ..., φn} , n ∈ N.

Choosing {u0n}, {v0n} in Wn and {z0n} in Vn such that u0n → u0 strongly
in W , v0n → v0 strongly in W , and z0n → f0 strongly in L2 ((0, l)× (0, 1)) .
We define approximates

un (x, t) =
n∑

j=1

ωj (x) gjn (t) ,

zn(x, ρ, t) =
n∑

j=1

φj(x, φ)hjn(t),

where (un (t) , zn (t)) are solutions of the following system:

∫ l

0
unttωjdx−

∫ l

0
unxxxxxxωjdx+ µ1

∫ l

0
unxxxxtωjdx+

∫ l

0
µ2zn (x, 1, t)ωjdx

=
∫ l

0
|un|q−2 unωjdx,

zn (x, 0, t) = unt (x, t) ,
un (0, t) = unx (0, t) = unxx (0, t) = 0,
(unxx + unxxx) (l, t) = 0,
(unxtt − unxxxx + µ1unxxt) (l, t) = 0,
(untt − µ1unxxxt + unxxxxx) (l, t) = 0,
un (x, 0) = u0n (x) , unt (x, 0) = v0n (x) ,∫ l

0
[τznt (x, ρ, t) + znρ (x, ρ, t)]φjdx = 0,

zn (x, ρ, 0) = f0n(x,−ρτ) = z0n.
(6)

by using the theories of ordinary differantial equation, we have (6) has a unique
solution (gjn (t) , hjn(t))

n
j=1 defined on (0, T ).

Step 2. (A priori estimate)

By multiplying the first equation of (6) by g′jn (t) , inregrating over (0, t) ,
using integration by parts, and considering the initial boundary value condi-
tions, we get

1

2

∫ l

0

|unt|2 dx+
1

2

∫ l

0

|unxxx|2 dx+ µ1

∫ t

0

∥unxxt∥2 dt

+µ2

∫ t

0

∫ l

0

zn(x, 1, t)unt (t, x) dxdt−
1

q

∫ l

0

|un|q dx

+
1

2
u2
nxt (l, t) +

1

2
u2
nt (l, t) +

1

2
u2
nxx (l, t) (7)

=
1

2
∥v0n∥2 +

1

2
∥u0nxxx∥2 −

1

q
∥u0n∥qq

+
1

2
u2
nxt (l, 0) +

1

2
u2
nt (l, 0) +

1

2
u2
nxx (l, 0) .
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Let constant ξ > 0, multiplying eighth equation of (6) by
(
ξ
τ

)
hjn (t) and

integrating over (0, 1)× (0, t), we get

ξ

2

∫ l

0

∫ 1

0

z2n (x, ρ, t) dρdx+
ξ

τ

∫ t

0

∫ l

0

∫ 1

0

znρzn (x, ρ, t) dρdxdt

=
ξ

2
∥z0n∥2L2((0,l)×(0,1)) . (8)

Handling the second term in the left-hand side of (8), we have∫ t

0

∫ l

0

∫ 1

0

znρzn (x, ρ, t) dρdxdt =
1

2

∫ t

0

∫ l

0

∫ 1

0

∂

∂ρ
z2n (x, ρ, t) dρdxdt,

=
1

2

∫ t

0

∫ l

0

[
z2n (x, 1, t)− z2n (x, 0, t)

]
dxdt.(9)

Adding (7) and (8), using (9), we obtain

En (0) = En(t) + µ1

∫ t

0

∥unxxt∥2 dt+ µ2

∫ t

0

∫ l

0

zn(x, 1, t)unt (t, x) dxdt

+
ξ

2τ

∫ t

0

∫ l

0

[
z2n (x, 1, t)− z2n (x, 0, t)

]
dxdt, (10)

here

En (t) =
1

2

∫ l

0

|unt|2 dx+
1

2

∫ l

0

|unxxx|2 dx+
1

2
u2
nxt (l, t) +

1

2
u2
nt (l, t)

+
1

2
u2
nxx (l, t)−

1

q

∫ l

0

|un|q dx+
ξ

2
∥zn∥2L2((0,l)×(0,1)) . (11)

Thanks to the Young inequality and (2), we obtain

En (t) +

(
µ1 −

|µ2|B2

2
− ξB2

2τ

)∫ t

0

∥unxxt∥2 dt

+

(
ξ

2τ
− |µ2|

2

)∫ t

0

∫ l

0

z2n (x, 1, t) dxdt

≤ En (0) .

Furthermore by choosing τ |µ2| < ξ < τ
B2 (2µ1 − |µ2|B2) , we have

Z0 = µ1 −
|µ2|B2

2
− ξB2

2τ
> 0,

Z1 =
ξ

2τ
− |µ2|

2
> 0.
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Thus, we get

En (t) + Z0

∫ t

0

∥unxxt∥2 dt+ Z1

∫ t

0

∫ l

0

z2n (x, 1, t) dxdt ≤ En (0) . (12)

Since the sequence (u0n) , (v0n) and (z0n) are convergent, we can find some
positive constant C∗ independent of n such that

En(t) ≤ C∗. (13)

Combining (11) and (13), we have

(un) is bounded in L∞ (0, T ;W) ,

(unt) is bounded in L∞ (0, T ;W) ,

(zn) is bounded in L∞ (
0, T ;L2 (0, l)× (0, 1)

)
.

Therefore, we conclude that

(un) → u weak star in L∞ (0, T ;W)

(unt) → ut weak star in L∞ (0, T ;W)

(zn) → z, weak star in L∞ (
0, T ;L2(0, l

)
× (0, 1)).

Noting that the embedding H3 (0, l) ↪→ H2 (0, l) ↪→ H1 (0, l) ↪→ L2 (0, l) are
compact, from Aubin- Lions theorem (see [13]), we conclude that there exist
a subsequence (uk) of (un) such that

(uk) → u strongly in L2(0, T ;H1 (0, l)).

Thus, we have

(uk) → u strongly and a.e. on (0, l)× (0, T ) .

We complate the proof.

4 Open problems

In the present work, we proved the local existence of solutions for problem
(1) using the Faedo-Galerkin method. Under what conditions can the local
solution be extended to a global solution? Moreover, features of the problem
such as energy decay and attractors can be studied.
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