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Abstract

Open problems play a central role in advancing mathemati-
cal research. In recent years, several such problems have been
formulated in integral theory. This paper addresses two of
these open problems and provides complete, detailed proofs of
their solutions.
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1 Introduction

The number of known integral formulas is vast and continues to grow each
year. In addition to those compiled in [1, 7], several recent contributions can
be found in [8, 9, 10, 11, 4, 6, 2, 3, 5].

In addition to established results, open problems are sometimes formu-
lated, inspiring new developments and theoretical advances. In this article, we
address two such open problems— one posed in [5] and another in [3].
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The first problem, formulated in [5], asserts that
/ tan z arctan(cot ) dx = wln2,
0

without providing a proof. We close this gap by presenting a rigorous deriva-
tion.
The second problem, proposed in [3], concerns the evaluation of the integral

* tanh |x
/ |2| dx.
oo 1+
Here again, we resolve this open question by employing series techniques.
The remainder of the paper is organized as follows. Section 2 presents the
solution to the first open problem. Section 3 is devoted to the resolution of

the second open problem. Finally, Section 4 offers concluding remarks and
perspectives for future research.

2 Solution of the first open problem

The problem is precisely formulated in the following proposition, followed by
a detailed proof.

Proposition 2.1. We have
/7r tan z arctan(cot ) dx = wln 2,
0
Proof. Let us set _
I ::/ tan x arctan(cot z) dx.
0
For any x € (0, 7), we have

te=tan (> —z) and ~-ze(-2,7)
=tan (- — nd — — ——, =
cotz=tan (g —z) a 5 ® 55)
S0
7r 7r
arctan(cot x) = arctan (tan (5 - x)) =——2z.

2
I:/ tanx(z—x> dz.
0 2

Since the integrand tan x (g — x) is continuous on (0, 7), it is integrable on
(0, 7). Performing an integrate by parts with

Hence, we can write

T
u=g5-3 dv = tan x dx,
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so that du = —dx and v = —In | cos x|, we obtain

I= [— (E—x) ln\cosa:’]]w—/ In | cosz|dx.
2 0 0

The boundary term vanishes since In|cos0| = In|cos7w| = 0. Hence, we
have

™ w/2
I= —/ In|cosz|dx = —2/ In(cos z) dx.
0 0

Decomposing the integral by the Chasles integral relation and using the change
of variables y = m — x, we get

W/Q
[:—/ n(cos x) / —cosx)dx
0 /2
W/2 w/2
:—/ n(cos ) / n(cosy) d
0

w/2
= —2/ In(cos x) dx.
0

It is well-known that
w/2 T
/ In(cosz)dr = ——1n 2.
0 2

See, for instance, [7, Entry 4.224 (6), Page 531].
Therefore, we derive

[= -2 (—glm) — rln2.

This completes the proof. O

3 Solution of the second open problem

The problem is precisely formulated in the following proposition, followed by
a detailed proof.

Proposition 3.1. We have

°°tanh|a:| In (72(2k — 1)?) — ln4
/_ 1122 ¢ SZ w22k —1)2 —4

o0
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Proof. Using [1, Entry 1.42 (2), Page 44], for any = € R, we have

T 4y 1
tanh( ):—Z 3 5 -
2 T~ (2k -1 4w
i

Now set %f =y, equivalently z = i—y Substituting into the previous series
expansion gives

yOO
tanhy = = .
=5 T E

Replacing the letter y by x, we obtain

tanh x 8 — T
1+22 —p; ((2k — 1)2 + 227)(

and this is an absolute convergence.
Integrating both sides over [0, 00) yields

* tanh x 8 OO/‘X’ x
dr = — 5 dx.
/0 14 22 7?2; o ((2k —1)2+22)(1 + 22)

1 '—/OO ? dz
) (k- 12+ ) (1 4 22)

We now evaluate I, by the change of variables u = z2,

rdr = %du. Denoting

1+ 2?)

Let us set

so du = 2x dx and

=(2k-17% b=

we obtain

1 [ 1
[ == du
g 2/0 (bu+ a)(u+1)
Performing a partial-fraction decomposition, we get

1 1 b
(bu+a)(u+1) a—blut+l butal’
Therefore, we have

I—l 1 /OO du b /°° du
T2 la—b o u+l a—-bJ, bu+ta

1

(
B 1 I 1 m+ 1 I
_Q(a—b)mgl;o "\omta na
1 ln( ) 7w In(7*(2k —1)%) — In4
T 2a-b 2 m2(2k—1)2 -4
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Finally, substituting back into the series, we obtain

/mtanhxdm_éi 7r 111( 2(2k —1)%) — 1n4
o 14?2 e e m2(2k —1)% — 4

This simplifies to the compact form

e tanhx In (7%(2k — 1)%) — 1114
r =4
| >

T+ m2(2k —1)2 — 4

Finally, by symmetry, we get

oo 0 2 _1)2) _
/ tanh |x| dp — 2/ tanhxdm B Z In (7°(2k — 1)?) ln4'
0

o 142 1+ 22 o 22k — 1) — 4

This completes the proof. n

A numerical study also reveals that

/ tanh 7] o 9 09651
1422

oo

The open problem is thus solved, both theoretically and practically.

4 Conclusion

This paper contributes to the advancement of integral theory by providing
complete solutions to two open problems, one formulated in [5] and another
in [3]. The proofs are presented in full detail and may serve as inspiration for
addressing additional open problems, as well as for formulating new ones.
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