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1 Introduction

Let us consider the following trigonometric functions

sinx tan x

Y Y

T T

COSX.

when x tends to 0 these functions tend to 1 . Therefore, for any real a, b, c one

gets

sin tanx
+b
T T

approaches 0 when x tends to 0 . More precisely,

+ccosx —a—b—c,

Proposition 1.1  For a, b, ¢ real positive numbers such that ¢ < %T’a and
for x € (O, g) the following inequality holds
sin x tan x

+0b

T T

+ccosz > a+b+ec.
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Moreover, one have

a¥E 4 pT 4 ccosz —a—b—c  a—2b+3c
x? B 6

limxao

Proof Indeed, for xz € (0, %) one gets

x? x?

>14+ — >1——.
+3, CcoS T 5

sinx tan x

.’1’2
- L
T 6

We then deduce

2

i t
sin x anx+CCOSm>a+b+0_%(G_2b—|—3C)>a+b+C

+b

a
T

since ¢ < %T_“ More generally, one proves the following for any real numbers
p,q, T

Proposition 1.2 For a,b,c,p,q,r real numbers and a,b,c positive such
that ¢ < w and for x € (0, %) the following inequality holds

3 p t q
a(sma:) +b( anx) + c(cosz)" > a+b+c.

i T

Moreover, one have

, a(822)” +p (22) 4 c(cosz) —a—b—c (|2bg — ap| — 3rc)
lima_y " = 5 .

Proposition 1.2 reduces to Proposition 1.1 forp=¢=r=1
Proof Indeed, for xz € (0, %) one gets

sinz\” z2\" pa? tanz\? z2\?
1—— 1—— 1+ —

2 2\ " 2

qr x rT

1+ — " 1—— 1——

(+ 3), (cosx) >< 2) >( 2>

Then we derive for p,q > 0

- P t q 2 2 2
P iy Y +c(cosz)" >a|l— PP 1+ e (1) =
x T 6 3 2

2
a+b—|—c—|—(26q—ap—3rc)%>a+b+c
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For p,q < 0 one has

: P ¢ q 2 2 2
a ZRT) g ((2RE +c(cosz) >a|l— PP 1+ e (1 -2 ) =
x x 6 3 2

2
a—l—b—i—c—i—(—?bq—i—ap—?)rc)%>a+b+c

For the hyperbolic counter part, and by the same way we easily prove

Proposition 1.3  Fora,b, c,p, q,r real numbers and a, b, c, r positive such
that ¢ > pbé—;ap‘. and for x € (0,00) the following inequality holds

inh 2\ " tanh 2\ ?
a(sm x) +b< an x> + c(coshz)" > a+b+c.

i T

Moreover, one have

a (S222)P 4 p (2he)? 4 c(cosha) —a—b—c _ (3rc — |2bg — apl)
x? 6

limx—>0

Proof Indeed, for z € (0,00) one gets

sinh x p> 1+x_2 p> 1+]£2 | tanh x q> 1_x_2 q>
T 6 6 T 3
2 2\ T 2
qx x re
_ ha) > (142 1+
(1 3), (cosh z) >(+2> >(+ 2)

Then we derive for p,q > 0

inh z\” tanh 2\ ¢
a(sm :z:) —|—b( an :c) + c¢(coshz)" >

T T

2 2 2 2
a (1 + %) +b <1 - %) +c (1 + %) = a+b+c+(—2bq+ap+3rc)% > a+b+c

For p,q < 0 one has

inh 2\ ” tanh 2\ ?
a<sm x) —i—b( o x) + ¢(coshz)” >

€T i

x? x? ra? x?
a (1 + %) +b <1 - q?) +c (1 + 7) = a+b+c~|—(26q—ap+3rc)€ > a+b+c
The interest of the preceding remarks is to give a more general framework
allowing the insertion of classical inequalities both in trigonometric and hy-
perbolic cases. Propositions 1.2 and 1.3 allows us in particular to derive some
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known inequalities. Indeed, fora =b=c=1and p=2,q¢ = 1,r = 0 one finds
again the Wilker inequality. For p = —2,¢ = —1,7 = 0 one finds the second
Wilker inequality. For p = 3,¢ = 0,7 = 1 one finds the Cusa inequality (and
the Lazarewic inequality for hyperbolic case).

The aim of the present paper is precisely to highlight for different real
values of p, ¢, r, a, b, ¢ intrinsic properties of new inequalities making it possible
to generalize those well known of classical ones. Moreover, we will prove for
certain values of the parameters the following sharpened inequalities

3 p t q
Bxd<a(smx) +b< ana:) +clcosz) —a—b—c < az?,
x x

Xz

inhz\” tanh z\ ¢
Bzt < a (sm a:) —i—b( - x) +c(coshz)” —a —b—c < az?,
x
where «, § are real and d is even integer such that 2 < d < 10.

The first interesting case to study occurs when

2bq — ap
c= ———
3r

It corresponds to following functions which are depending of 5 parameters

: p q 2 _ 2 _
, (SR b tan x N bq — ap (cosz) —a—b— bq ap’ (1
x x 3r 3r

that we propose to minimize and so to derive other interesting inequalities.
In fact, for a # 0 that depends only of 4 parameters (in taking a = 1)

inz” t [ 2bg — 2bq —
ut(p,q,r,b,x):<smz) +b(anx) +< q p) (cos) —1—b— q—p

~—

x T 3r 3r
(2)
For the hyperbolic counterpart, one gets the function

inh 2z \?” tanhz\? [/ 2bg — b —
up(p,q,7,b, ) = (sm x> —i—b( an x) —l—( d p> (coshx)"—1—b— 1D

T T 3r 3r
(3)

The case a = 0 will be treated separately in part 5.

By Propositions 1.2 and 1.3 these functions above are positive. Moreover,
we easily verify that
Uh(p, q,T, b7 l')

< 00, lz'mgg_m—4 < 0.
x

ut(pu q,T, b7 37)

T
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In [5] and [6] some particular cases have been developed.
Recall at first, for p = n,q = 1,7 = 0 one proved ([5], Theorem 2.1, [6],
Theorem 2.1)

Theorem A Let us consider the functions

fi(n, x) = (

sinx)" ntanx n+2
+ _irE

T 2z 2

Then for every integer n > 2 and for x € (0, %), fi(n,x) is increasing
function with respect to n. Moreover, the following inequalities hold

n n(22 4 5n)
po /i ha) < il < E e

fn—12)< ... < g—jft(zx).

Theorem A1l Let us consider the function

sinhz\" mntanhx n+2
fh(nax):< ) + -

T 2x 2

Then for every integer n > 2 and for x € (0,00), fn(n,x) is increasing function
with respect to n. Moreover, the following inequalities hold:

fh(nvx) fh(n_ 1,.1’) fh(n_2>x> fh(27x>
T 245 —D6Gnt 17 m—2)Bn+12) T 64

For p = —n,q = —1,7 = 0 one proved ([5], Theorem 2.7, [6], Theorem 2.6)

Theorem B Let us consider the function

o) = (
Then for every integer n > 3 and for x € (0, %), g¢(n, ) is increasing function
with respect to n. Moreover, the following inequalities hold

2n n(bn — 2
g(n—1,2) > g(n,x) > ( )

T )n ny n+2

sinx + 2tanx B 2

24
gn—1,2)>...>—q(3, ).

n—1 (n—1)(bn —7) 13
Theorem B1 Let us consider the function
( ) B ( T >n n ny n+2
Gn T L) = sinh x 2 tanh x 2

Then for every integer n > 3 and for z € (0,00), gn(n,z) is increasing function
with respect to n. Moreover, the following inequalities hold the following
inequalities hold

g(n,x) g(n_lvx) g(n—z,l‘) g(3,l‘>
WBn—2) " m-DGn-7 m-2Bn-12) =" 39
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For p =n,q = 0,r = 3 one proved ([5], Theorem 2.11, [6], Theorem 2.10)

Theorem C et the function

he(n, ) = (

. n
smx) ncosr n—3

x 3 3

Then for every integer n > 3 and for x &€ (0, %), hi(n, x) is increasing function
with respect to n. Moreover, the following inequalities hold

n n(5n —7) 13
hi(n—1 h hi(n—1 .< —=h .
— t(n—1,2) < hy(n,x) < = 1(n—19) (n—l,z)<...< 5 +(3,2)

Theorem C1 Let us consider the function

(. 7) = (sinhx)" B ncoshr n— 3'

_.I_
x 3 3
Then for every integer n > 3 and for x € (0,00), hy(n,z) is increasing
function with respect to n. Moreover, the following inequalities hold:

hi(n, ) hp(n —1,x) hn(n —2,x) hh(3,x)‘

nbn—-7)" (n—1)(n—-12) ~ (n—2)(5n — 17) 24

Remarks Notice that also one can deduce the following limits

fln,x) _ fu(n,z) _n?  lin

7 _ 2 4=
HMa=0""" 4 4 72 7 180
, gi(n,z)  gn(n,x) n? n

l T = = — _’
=070 v 72 180
, hi(n,z)  hp(n,x) n? ™

lim, _ _n_m
HMa=07" 4 x4 72 360

One of the goals we propose to achieve is to is to extend the preceding
results to more general cases using (1) and (2). The paper is organized as
follows. In Parts 2, 3, 4 we provide improvements of the above Theorems
A, Al, B, B1,C,C1. In Part 5, we provide generalizations, in particular of
these of Cusa and Lazarevic inequalities. Open problems and perspectives will
be discussed in Part 7 in order to discover other properties and consider future
improvements. All the proofs are exposed in Part 6.
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2 Generalized Wilker inequalities
That corresponds to

c=0 or b:—p, p,qg >0
q
Expression (1) becomes
sinz\? ap [tanz\? ap
a + — —-a— —,
T 2q x 2q
or by simplifying by a # 0
: p t q
(smx) +£( anx) _1_3’ g >0,
T 2q T 2q
For the hyperbolic case, after simplifying by a # 0 expression (2) becomes

inhz\” tanh z\ ?
sinh x +£ anhz\® . P
x 2q x 2q

We propose to prove the following which are an extension of Theorems A
and Al

Theorem 2.1 Let us consider the function

sinz\? p [tanz\? P
= — —1—-—.

Then, for p > 1,q > 1 and for x € (0, g) one has fiy(p,q,x) > 0. Moreover,
the following inequalities hold:

(4) pf [filp = Lg.2) < fulp,q. @),

(i)  qfi(p.q.z) > (¢—1)fe(p.q — 1, ).

Theorem 2.2 Let us consider the function

sinhz\? p [tanhz)\? P
= — -1-=.

Then, for p > 1,q > 1 and for x € (0,00) one has fn(p,q,z) > 0. Moreover,
the following inequalities hold:

() A= Law) < filpao)

(i)  qfup.q.x) > (¢—1)fe(p.g—1,2).
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3 Generalized second Wilker inequalities

That corresponds to

Expression (1) becomes
sinz\” a
(5) 3l
T 2q x

or by simplifying by a # 0
(sinx)p+ P (tan:z:)q 1 22’ pq <0
q

2\

x
For the hyperbolic case, after simplifying by a # 0 expression (2) becomes

inh z\” tanh 2\ ?
sinh x +£ anh x _1_£’ g <0
T 2q T 2q

We propose to prove the following which extend Theorems B and Bl

Theorem 3.1 Let us consider the function

sinx\? tanz\ ?
>+p< )—1—£, p,qg < —1
q

gt(p, q,z) = ( 20\ 2

Then, for x € (0, 2) , g1(p,q,x) > 0. Moreover, the following inequalities hold:

gt(p - 17Q7x> < gt(p7q7x>7

. p
(4) p—
(@)  qg(p,q, ) > (¢ —1)gi(p,q — 1, 7).

Theorem 3.2 Let us consider the function
sinhz\” p (tanhz)? P
gn(p, ¢ @) = + —1— p,q<0.
T 2q x 2q
Then, for x € (0,00), gn(p,q,x) > 0. Moreover, the following inequalities

hold:

: p
(2) - [90(P = 1.4,2) > gn(p, g, ),
(@)  qgn(p,q;x) > (¢ — Dgn(p,qa — 1, 2).
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4 Generalized Adamovic and Lazarevic inequal-
ities
That corresponds
c<0 and b=0, pr>0

Expression (1) becomes

sinz\? <ap> ( % —ap
a — (=) (cosz)" —a— —
x 3r 3r’

or by simplifying by a # 0

sinz \” P P
(£ L R
( T ) <3r> (cos ) + 3r

For the hyperbolic case, after simplifying by a # 0 expression (2) becomes

<sinhx)p B (£> (coshz)” — 1 + A

x 3r 3r

The case p = 3,r = 1 reduces to the classical Adamowic and Lazarewic
inequalities.
We propose to prove the following which extend Theorems C and C1

Theorem 4.1 Let us consider the function defined for x € (O, E) and

2
p,r =0
: p
tpria) = (22) = (L) (osay -1+ 2

T 3r 3r

Then, for every integer p > 3r — % one has hy(p,r,z) > 0. Moreover, the
following inequalities hold

(2) ht(pa T, 13) < h’t(p7r - 17'1:)7

(”) ht(p7 T, l’) > h‘t(p - 17T7 l’)
p p—1

9

Theorem 4.2 Let us consider the function defined for x € (0,00) and

. h p
() = ( “”“) (L) coshay —14 2

x r 3r

Then, for every integer p > 3r — % one has hy(p,r,z) > 0. Moreover, the
following inequalities hold

(Z) ht(pv r, ZE) < ht(pvr - 17‘,1:)7

(if) h(p,r, x) - hi(p— 1,7, )
p p—1

Y
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5 Other remarkable inequalities

Recall for p,q,r natural numbers and a, b positive such that w > 0 the
following expressions

. P q 2%ba — 2ba —
a(smm) _l_b(tanx) +( bq ap) (cosz) —a—b— bq — ap (1)

T x 3r 3r
inh z\?” tanh 2\ ? 2bg — 2bg —
o [T +b ann e + 24— ap (cosh:v)r—a—b——q ap (2)
T T 3r 3r

5.1 Generalized Cusa inequalities

(i) Consider the following particular case

2q

a s , T 3

Then from expression (1) we find again to Adamovic inequality for ¢ > 0

x x
>0

likewise from expression (2) we find again Lazarevic inequality

(tanhx)q ~ (cosh ) = (coshz) Ksmhxf _ (cosh)

wha

T T

(ii) Consider also the particular case

Then expression (1) becomes

tanzx 2 1
x 3cosz 3

That corresponds to Cusa inequality

tan x 2 1 sinx 2+4cosz
COS T — — =) = — < 0.
T 3cosx 3 T 3

For the hyperbolic counterpart, one find

tanh z 2 1 sinhxr 2+ coshzx
cosh x — — = = — <0
T 3coshx 3 T 3
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The following improve the last cases and generalize the Cusa and Lazarevic
inequalities

Proposition 5.1 For the case a = 0,b = 1,7 = —1 in expression (1)

and for x € (0, 3) the following inequalities hold

(i) for ¢ = 1 one has
tanx < 2 n 1
x Jcosz 3

2q 2q tanx\?
I——< :
3COSZL‘+ 3 ( x )

By the same way we easily prove

(i) for g > 2 one has

Proposition 5.2 For the case a = 0,b = 1,7 = —1 in expression (2)
and for x € (0,00) the following inequalities hold

(i) for ¢ = 1 one has
tanh x - 2 . 1
x 3coshzr 3
(ii) for ¢ > 2 one has
2q 2q tanh 2\ ¢
1—— .
3coshz * 3 < ( x )

Theorem 5.3 Let us consider the function

tanz\? 2¢ 1 2q
= — — -1+ —.
w4, ) < T > 3 cosx 3

Then, for every integer ¢ > 2 and for v € (0, %), the following inequalities hold

ulg:w) _ uwlg—1,7)
q(10g —11) = (¢ —1)(10g — 21)

Theorem 5.4 Let us consider the function

tanhaz\? 2¢ 1 2q
- S e
un(4,) < x ) 3 coshx 3

Then, for every integer ¢ > 2 and for x € (0,00), the following inequalities
hold

uh(Qv l‘) < uh(q — 1,1‘)
q(10g —11) = (¢ —1)(10¢ — 21)’
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5.2 Other interesting cases

A question that arises naturally: can we find other similar inequalities to that
of Cusa for other ¢, r values.
Suppose now

c>0, a=0, and q,r > 0.

Expression (1) becomes

t 2 20
b( ana:) +—q(cosx)T—b——q,
x 3r

or by simplifying by b 6= 0
tanz\? 2¢ - 2q
- —1- =
( x ) - 3r (cos2) 3r
For the hyperbolic case, after simplifying by b # 0 expression (2) becomes

tanhz\? 2¢ 2q
— hz) —1—-—.
( T > - 3r (cosh.2) 3r

We propose now to prove the following
Theorem 5.5 Let us consider the function
tanz\? 2¢ 2q
ut(q7 r, .Z') =

=4 L
+3 (cosx) "
Then, for integers ¢ > 1,7 > 1 and for x € (0,%), u/(q,r,x) > 0. Moreover,
the following inequalities hold

X

(1) rug(q,ryx) < (r— Duw(g,r — 1, 2),

(”) ut(Qv T, SL’) > ut<q - 17T7 LL’)
q q—1

Theorem 5.6 Let us consider the function

tanhz\? 2¢ 2q
uh(Qa T, .CC) =

— hz) —1-— =—.
+3 (coshz)
Then, for integers ¢ > 1,r > 1 and for x € (0,00), up(q,r,z) < 0. Moreover,
the following inequalities hold

X

(7) rup(q,r,x) < (r— Dup(q,r — 1, 2),

(i7)

uh(Qv T, Zﬂ) > Uh(q - 1,T, $)
q q—1
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6 Proofs

The following lemmas will be useful in the sequel

™

Lemma 6.1 Forx € (0,75) and p,q,r > 1 orp,q, v < —1 orp,q > 1 the
following inequalities holds

172 2 2 3 sin p x?
(i) 1—p—+(—i+p—>x4+( P2 P )x6<( )<1—p—+

6 180 ' 72 2835 ' 1080 1296 T 6
2 2 3 2 3 4
A AR S I 6, P 101p=  p p 8
( 180 72) o +< 5335 1080 1296> o +( 37800 1360800 12960 © 31104) T

2 2 q
.. qx 7 q 62 7 1 tanz
(’Ll) 1+?+(% q+ 1_8) I4+ (—2835 q+ ﬁ q2 + 1_62 q3 2% < o <

2 2 2 3 2 3 4
qx g9 q\ 4, (62¢ Tq q 6, ( 3509¢ 127 ~ 7q q 8
y TS - ST i SUNTRLL: SIS S
* +(9o * 18) ! +(2835 T 970 T 162) " T\ 340200 " 18000 T 1620 T 1942

2 2 2 3
(i11) 1—£+(—L+r—)x4+(T——L—T—>x6<(cosx)r<

) 7"952+ r +7"2 iy r2 roors o Tr? 17r 7“3+ rt g
2 1278 )" "\ 24 15 18)" "\480 " 2520 96 ' 384) "

_ log z 1, 1 1 1
< - — N — — —
(i) ( > 6" 180"  2835" 37800

i 1 1 1 t 1 7 62
(v) log (5123:) > ——g?——7gt 6 log( anx) >~ —a'+——af.

6 180" 2835 x 3 90 2835

Lemma 6.2 For x € (0,00), and p,q > 1 or p,q < —1 the following
imequalities holds

2 - P
. pT 1 1 sinh
(2) 1+?+(mp+ﬁp(p—l)>x4<( . ) <

1+]£2+(Lp+ip(p—1)) x4+<ip+ip(p—1)+ip(p—1) (p—2)) a®,

6 \120" " 72 5040 " T 720 1296
2 q
g gz’ (2q qlg—1)\ 4, 17¢  2q(¢—1) qlg—1)(g—2)\ 4 (tanhz
1 (4 ) L - <
(i2) 3 +(15 LTI AT 45 162 ’ z )

6" T 120" 28357 T 378007

sinh x 1 1 1 tanh x 1 7 62
. 1 < = 2 - 4, -~ 6 1 < —Z 2, " .4 T4 6.
(i) Og( ) 6" 180" T2835" B\ T s 37 90" "2835"

1 1 1 1 1
(i) ( .ng) > g% 4 — g 6 8
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6.1 Proof of Theorem 2.1
By Lemma 6.1 one gets

sinz \? pa? tanz\ qa? ¢ P\ 4
S, e S NI CARVEY UV, B A
(x) 6’ (x) +3+(90+18)x

we then deduce

pr® p(L+1/3qz” +(2/15¢+1/18¢(q — 1)) 2*)
6 2q

D 1

180

Consider the function ¢(p) = W and compute its derivative with respect
top

- () (12 o (Y )
((#)Z 1/2p (m;ﬁ)‘lq_l —1- 1/2%’) p =
, <sinx(:v))pln (sinx(x)) B (sinx(x))p tieo

since its second derivative

(222 (e () >0

That means ¢(p) > ¢(p — 1) or equivalently

(p - 1)ft(p7 q, 'I) _pft(p - 1aQ7fE) > 0.

Inequality (i) of Theorem 2.1 is then proved. Now to prove (ii) let us consider
the derivative of ¢f;(p, ¢, x) with respect to ¢

(My +1/2p <%)qq—l 1-1/2 §+

X

q (1/2p (tanx(x))qln (%) ¢ —1/2p <w>qq2 +1/2 %) =
(0 o ).
(sinx(w)y —1+1/2p (tangj(x))q <tanx(x> —1-1/2 (% — 1)2) >

1
(1/30p+ 5p2 + 1/18pq) z* > 0.
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6.2 Proof of Theorem 2.2
By Lemma 6.2 one gets

sinh (z) tanh (x))q o
q -,
T

p
1+1/6px2<( ) : 1/273—1/6px2<1/2p(
q

then
fh(p7 q, I’) > 0.

Consider the function ¢(p) = W and compute its derivative with respect
top

p (%)pm (Sm};@) - (Sm};(x))p +1>0,

since its second derivative

o) = (22) (1 (%m» -0

That means ¢(p) > ¢(p — 1) or equivalently

(p = Dfulp,q,2) — pfulp — 1,¢,2) > 0,

Inequality (i) is then proved.To prove (ii) let us consider the derivative of
qfn(p, q,x) with respect to g

(gm;@))p +1/2p (tanh ($>>qln <M> —1>

T T

(sinh (x)>p_1+1/2p <tan1; (x))q (M 1-1)2 (M _ 1)2) >

T X X

1
(1/30]9—1—5}92—1- 1/18pq) zt > 0.

6.3 Proof of Theorem 3.1

Let us write in the sequel

Let us recall

T \S S T t S
CAREICHEES
sinx 2t \tanzx 2t
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By Lemma 6.1 this function is upper than

ta?
sx? s s(s—1)\ 3( _T> s szt
Y (E RIS A2 02 (94 58) > 0.
6 +(360+ 72 )m LT 5 302 T

Consider the function ¢(p) = W and compute its derivative with respect
top

901~ (i) () 12 () ot v )
(<Sinx(93))p B (tsmbr(a:))qq1 —1-1/2 ‘S) P’

The second derivative is

0= () (e - G o (55) -0

Since ¢/(0) = 0 then ¢'(p) > 0 and ¢(p) is increasing. That means (p —

Dgi(p,q,x) —pge(p — 1,¢,2) > 0.
To prove (ii) let us consider difference

q9:(p, ¢, )= (q=D)gu(p, g—1,7) = ¢ ((sinx(x))p +1/2p (tanx(x))qq_l —1m1/2 g) -

(¢—=1) ((%)p +1/2p (ﬁ)q1 (g—1)"'—=1-1/2 q%) —

“1/2p <tanx($))qtan (z)a ' +1/2p (tanx(x))q + (Silf(z))p —1>

11 1
<——p—|— 1/1 8qp+—p)x4>0

180 72
by Lemma 6.1 since p > 1,q > 1.

6.4 Proof of Theorem 3.2

Let us write in the sequel

Let us recall

(t)_<x>s+s<x>tsl
Gri5 6 T) = sinh z 2t \tanh x ot
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By Lemma 6.2 this function is upper than

ta?
sx? 7s  s(s—1)\ 5( _T) s st
i S VA A G g V)
76 +(360+ 7 )x+ o o~ 180l T
for t > 2.

Consider the function ¢(p) = W and compute its derivative with respect
top

0= (i) () 7 () ()™
(smg(a;))pp_g — =
() ™ (Gmw) () r=2) 7 () v <0

because
] * ) <o 2 (" Y )0yt co
n — — )
sinh (z) P ’ sinh (z) P b

To prove (ii) let us consider the derivative of ¢(q) = qg:(p, ¢, z) with respect

to ¢
0 =1(5am) " (wiw) 2 (i) 2

as well as

M@:(Efaaﬂngﬁ&5)+uzQgﬁaym(aﬁaﬁ>

1
(—% +1/36p + 1/18q> zt >0,

[\

by Lemma 7.4 since p > 1,q > 1.

6.5 Proof of Theorem 4.1

Let us recall

hlproa) = ()= (L) cosay -1+ L

T 3r 3r
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By Lemma 6.1 this function is upper than

* 3r 3r

p$2+ p  plp—1)\ 4 p<1_§$2+(§+ 8 >"”4> p
6 120 7 )7

]‘ 4
[ _|_ — | r

since by hypothesis 8 4+ 5p — 15r > 0.
Turn now to the inequality of Theorem 4.1. Let us compute the derivative
of h(p,r, x) with respect to r and we use Lemma 7.3

(cos (x))" In (cos (z)) 13 p (cos (z))"

p(/24g+1/8g(g D)t | . p _
7 ¢

1/24 1/8 — 1)) 2*
q

—1/37

b
_1/3ﬁ<

(=1/12p 4 1/4pq) =*

~1/3 +1/3%+1/3

173 (=1/12p +1/4pq) 2*

Thus hy(p,r,z) < he(p,7 — 1, ).

Let us compute the derivative of with respect to p and we use Lemma

B (sin (:c))pp_2 N (sin (:L’))pln (sin (SL’)) a2
T T T
1 1 1 1 1
I el -1 -2 - -1 el 4: il 4>0
( <120p+72p(p >>p 1807 +36)x (722

6.6 Proof of Theorem 4.2

ht (p,r,x)
p

Let us consider

(o) — (sinhx)p_ (ﬁ) (coshz)” —1+ L

T 3r 3r

By Lemma 6.2 this function is upper than

ra? r r(r—1) 4
2 _ pll—"-+ 15+ x 4
px p pp—1)Y\ , ( 2 <24 18 > ) P px
—_— | =+ — = —(8+5p—15r) > 0,
6 <120 T )x * 3r Tar = 60 S HOPIOT)
since 8 4+ 5p — 157 > 0.
Turn now to the inequality of Theorem 4.2. Let us compute the derivative of

hy(p,r, z) with respect to r and we use Lemma 7.4

~1/3 p (cosh (z))" In (cosh (z)) 13 ZM

p
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p(1/24q+1/8¢(q— 1))964_1/3£ _
7 ¢

1/24 1 —1)) 24

q2

(=1/12p + 1/4pq) *

~1/3 +1/3 L 41/3
q

(—=1/12p + 1/4pq) z*

~1/3

Thus hy(p,r,x) < hp(p,r — 1, 2).
Let us compute the derivative of

B (sinh (a:))pp_2 N (sinh (q:))pln (sinh (x)) bl >
T x T
1 1 1 1
I I N D I LS BTN I S S B
( (120p+ P ))p 1807 +36)“T (= >0

6.7 Proof of Proposition 5.1

W with respect to p and we use Lemma

As we have seen (i) is directly deduced from the Cusa inequality. On the other
hand, the following inequality

1+ 2cosz <sinx)2
<
3 T

4cosz  (cosz)? 1+ 2cosz _ (Sinx>2

implies

— <
3 3 3
We then deduce (ii) for ¢ = 2 since

1 4cosx  (cosz)? _ 1 sinz >
(cos x)? 3 3 (cosz)? \ =

Consider now the case ¢ > 2. The derivative with respect to g of

3 [t ! 1 3
O )

x Ccos T 2q
3 ( sinz \Y 3 [ sinz \? sin x 3
- + — In + ==
2¢% \ xcosw 2q \xcosx X COS 2q?
sinz \? 3 N 3, ( sine N 3 -
R — E— n —
T COST 2¢°>  2q X COS T 2q°

2 2 4
qx 2¢ qlg—1)\ 4 3 x 7 x 3
14+ (2 090 I NI I
(+3+(15+ L it 2t soe ) T

z* (450 + 42027 + 492" + 150¢2” + 352%q) > 0

T

18

5400
That means a(z, ¢) is increasing with respect to g. Then
2
tan x 4 4
,q) > ,2) = — —1+=>0.
alz,q) > alz,2) ( T ) 3cosw Jr3
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6.8 Proof of Proposition 5.2

As we have seen (i) is directly deduced from the Lazarevic inequality. On the
other hand, the following inequality

1+ 2coshz _ (sinhx)2

3 T

implies

<
3 3 3

4coshx  (coshx)®? 1+ 2coshz _ (sinha:)2
" :

We then deduce (ii) for ¢ = 2 since

1 {4coshx (coshx)Q] _ 1 sinh 2\ ”
(

(cosh x)? N cosh x)? x

3 3

Consider now the case ¢ > 2. The derivative with respect to ¢ of

3 [tanhz\? 1 3
. — 1— 2
ble,q) 2q ( T ) coshz 2q

3 sinhz \? 3 sinhz \? sinh x 3
S + = In +=
2¢% \ x coshx 2¢q \ x coshx x coshx 2q¢?
sinhz \? 3 N 3 | sinh N 3 -
—_—— —_— n —_—
x cosh x 2¢2  2q x coshx 2q¢?
2 2 4
qx 2¢ qlg—1)\ 4 3 x 7 x 3
S (e I A L S L I
( 3+< TREETE 22 2 "60q) T 2g

z* (450 + 42027 + 492" + 150¢2” + 352%q) > 0

is

5400

That means a(z, q) is increasing with respect to g. Then

tanh 2\ > 4 4
2) = — —14+=>0
/B(x7q)>6(x7 ) ( T ) SCOth +3>
6.9 Proof of Theorem 5.3
Let us prove that the function
ut(qVT) (ta%)q_ 302oqs:r _1+2_3q

q(10g — 11) q(10g — 11)
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is increasing with respect to ¢q. Let us compute its derivative with respect to
sinz \? sin 2 2
In — + =) ¢ (=11 +109) ' —
((cos(x)x) <xcosm> 3cosx 3> T )

. q 9 2
smr oA 4 g, 2 (—11+109)~'q*~
T COST 3cosx 3q

i 1 2 2
10(( Smx) | —1+—q) g ' (—11+10¢) % =

CcoS XL 3cosx 3
. q .
( e ) (q(—ll +10¢) In ( e ) F11— 20q) g 2(~11 + 10¢) "2+
Xr COST Xr COST
20 1 ~203¢° — 60q + 33

3 cos(x)(—11+10¢)2  ¢2(—11 + 10¢)?

By Lemma 6.1 the last expression is upper than

1‘2 — X X X
(142 + (2 +95) 2) (a(-11+109) (5 + B + £22) + 11— 209)

_l’_
¢2(—11 + 10g)2

>

@<1+§+§’—4x4) 20¢? — 60q + 33
3 (=114 10q)? 3¢%(—11 + 10q)?
1 (2205¢%z% + 620x'¢* + 945042 + 6807qx? + 26460q + 868x1q + 11160) 28
510300 q(—11 + 10q) '
The last expression is positive for ¢ > 2.

Thus we deduce this derivative is positive and the function is increasing with
respect to ¢. We then deduce that

ui(q, ) u(g—1,x)
q(10g —11) = (g —1)(10¢ — 21)

6.10 Proof of Theorem 5.4

Let us prove that the function

Uh(q; l’) B (tanhx)q _ 29 _ 1+ 23_(1

— x 3coshz

q(10g — 11) q(10g — 11)

is decreasing with respect to ¢q. Let us compute its derivative with respect to
q:

(( sinh z )qln (sinhx) 2 + %) B (( sinh x )‘1 2q 1 + %)

x cosh x x cosh 3 coshz x cosh 3 coshz

q(—11 + 10q) ¢*(—11 + 10q)
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sinhz \4 2 2
1O<(xcoshx) — 3co§hx — 1+ ?‘1) —
q(—11 + 10g)?

sinh(z)

sinhz \? (a(=11+10q) In (32261} 411 - 209)
< ) ¢*(—11+10¢g)
20 1 ~ 20¢° — 60q + 33
3 coshz(—11410¢)?>  3¢%*(—11+ 10q)?

By Lemma 6.2 the last expression is less than

2 _ .Z‘2 1'4 xG
(1-2 4+ (2 + 2D) 2t (g(-11+10) (=% + % — £22) + 11— 209)

+
x cosh x

<

¢>(—11 + 10q)?

6.11 Proof of Theorem 5.5

It is easy to see that fo z € (0, §)

tan (2)\? 2q,.  q(cos(x))
( ; ) 1>0, 2(1 > >0

that implies

_ (tan(@)\* . q(cos(x))” q
u(q,r,z) = (—) 2/3 — 1 +2/3p > 0.

T

To prove (i) let us derive

TUt(q,T, I’) =T (

with respect to r

tan (z)

)q —2/3q(cos(x)) —r+2/3¢q

(M)q —2/3¢q(cos (x))"In (cos (x)) — 1 < 0.

X

This means ru:(q, r, z) is decreasing with r.
Let us consider now

ut(%qh 33) — (tanx('z))qq—l _ 2/3 (Coszgx))p _ q—l + 2/3]9_1,

its derivative with respect to ¢ is

B (tan$(w))qq—2 n <@>q1n <@> ¢ gt >

7 1 1
(— (2/15¢+1/18q (¢ — 1)) ¢ >+ —q ' + —) 2t = —a' >0,

90 9)" T 18
by Lemma 6.1.
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6.12 Proof of Theorem 5.6

It is easy to see that fo x € (0, 00)

(=) 1o Fo - sl

that implies

tanz (x))q _9/3 q (COS]})I ()"

uh(q,r,x)z( —1+2/3g<0.

To prove (i) let us derive
tanh 1
run(q,r,z) =7 (a“T@)> —2/3¢(cosh () — 1 +2/3¢

with respect to r

T

<M>q — 2/3 (cosh ()" In (cosh (z)) — 1 < 0,

This means ruy(q, 7, x) is decreasing with r.
Let us consider now

up(g, ) (tanh (2)\* (cosh (z))?
q _( x ) AT

—q ' +2/3p7"

its derivative with respect to ¢ is

7 1
(— (2/15¢ +1/18q (¢ — 1)) ¢ % + %(1 +§) 2t = —a' >0,

by Lemma 6.2.

7 Open Problem

It is interesting that this study can be developed, allowing new horizons to be
opened regarding this type of inequalities. Theorems 5.5 and 5.6 really give us
hope. To that end, it would be skillful to consider inequalities in a more global
approach, including (1) and (2) so that the theorems 2.1, 2.2, 3.1, 3.2, 4.1, 4.2
appear as particular cases. On the other hand, it would also be interesting to
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evaluate the functions considered in parts 2, 3, 4 and 5. In this sense, we can
frame the following differences (in the two cases trigonometric and hyperbolic):

f(p.q,x) x* 9(p,q, ) T

p(12+5p+10g) 360"  p(12+5p+10q) 360

4

h(p,q,z) '’ h(q,r,z) x

p(12+5p+10g) 360"  q(4+ 15r +10g) 180"

4

For example can we have the following inequalities (or their converse) for
certain values of p,q 7

—480 — 588¢q — 140¢% — 42p + 35p? _ f(p,q, ) x* ~0
(45360)(12 + 5p + 10q) p(12+5p + 10q) 360
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