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Abstract

It has shown to be interesting and beneficial for mathematicians to
generalize the ideals of an algebraic structure. In this context, the
concept of weak-interior ideal was presented as a generalization of
quasi-ideal, interior ideal, and (left/right) ideal of a semigroup. In this
paper, we transfer this concept to soft set theory and introduce a novel
type of soft union (S-uni) ideal called "'soft union (S-uni) weak-
interior ideal”. The main goal of this study is to obtain the relations
between S-uni weak-interior ideals and other certain types of S-uni
ideals of a semigroup. Our findings indicate that an S-uni weak-
interior ideal is a generalization of an S-uni ideal and interior ideal;
however, the converses are true under certain conditions.
Furthermore, we demonstrate that the S-uni bi-ideals and S-uni
quasi-ideals coincide with weak-interior ideals of a group. Our key
theorem, which shows that if a subsemigroup of a semigroup is a
weak-interior ideal, then its soft characteristic function is an S-uni
weak-interior ideal, and vice versa, allows us to build a bridge between
semigroup and soft set theory. Besides, we provide some conceptual
analysis of the concept in terms of soft set operations, and the soft anti
and soft inverse image by backing up our claims with informative
examples.

Keywords: Semigroup, Simple Semigroup, Soft Set, Soft Union Weak-interior
Ideals, Weak-interior Ideals.
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1 Introduction

Semigroups play a fundamental role in many branches of mathematics as they give
the abstract algebraic basis for "memoryless” systems, which restart on each
iteration. In practical mathematics, semigroups-which were first investigated
formally in the early 1900s-are essential models for linear time-invariant systems.
Since finite semigroups are inextricably related to finite automata, studying them is
critical in theoretical computer science. Additionally, in probability theory,
semigroups and Markov processes are related. The concept of ideals is crucial to
understanding the mathematical structures and their applications, thus many
mathematicians have focused most of their research on generalizing ideals in
algebraic structures. Namely, further study of algebraic structures requires the
generalization of ideals in algebraic structures. Dedekind established the idea of
ideals for the theory of algebraic numbers, and Noether expanded it to include
associative rings. The concept of a one-sided ideal of any algebraic structure is an
extension of the idea of an ideal, and the one-sided and two-sided ideals are still
fundamental ideas in ring theory.

In 1952, the concept of bi-ideals was introduced by Good and Hughes [1] for
semigroups. Steinfeld [2] first presented the notion of quasi-ideals for semigroups
and then for rings. Quasi-ideals are generalizations of right ideals and left ideals
whereas bi-ideals are generalizations of quasi-ideals. The concept of interior ideal
was first demonstrated by Lajos [3] and further studied by Szasz [4,5]. Interior
ideals are generalizations of ideals. Rao [6-9] has developed several novel new
types of ideals of semigroup, which are generalizations of the ones that already
exist, such as bi-interior ideals, bi-quasi ideals, quasi-interior ideals, weak-interior
ideals, and bi-quasi-interior ideals. Furthermore, the idea of essential ideals in
semigroups was proposed by Baupradist et al. [10]. As a more generalized concept
of the different types of ideals, the concept of “almost” ideals was proposed, and
their characteristics and their relations between the related ideals were thoroughly
examined. In this context, in [11], the concept of almost ideals of semigroups was
first put up. A subsequent paper [12] extended the concept of bi-ideals to almost bi-
ideals of semigroups. While the notion of almost quasi-ideals was first introduced
in [13], by proposing almost interior ideals and weakly almost interior ideals of
semigroups, the ideas of almost ideals and interior ideals of semigroups were
expanded and studied in [14]. Different types of almost ideals of semigroups were
proposed by the authors in [15-18]. Furthermore, in [13, 15-20], several fuzzy
almost ideal types for semigroups were investigated.

Molodtsov [21] introduced the “Soft Set Theory” in 1999 to understand problems
involving uncertainty and to find suitable solutions for them. Since then, many
significant studies have been conducted on concepts related to soft sets, especially
concerning soft set operations. Maji et al. [22] presented some definitions related
to soft sets and defined certain operations on soft sets. Pei and Miao [23] and Ali et
al. [24] introduced various operations of soft sets. Sezgin and Atagiin [25] worked
on soft set operations. For more about soft set operations which have been popular
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since its inception, we refer to [26-37]. The concept and operations of soft sets were
modified by Cagman and Enginoglu [38]. Cagman et al. [39] developed the concept
of soft intersection groups, which led to the investigation of various soft algebraic
systems. Sezgin [40], using soft sets in the application of semigroup theory, defined
soft union (S-uni) semigroups, left (right/two-sided) ideals, and bi-ideals of
semigroups; Sezgin et al. [41] defined S-uni interior ideals, quasi-ideals, and
generalized bi-ideals of semigroups, and thoroughly examined their fundamental
properties. In terms of the S-uni substructures of semigroups, Sezer et al. [42]
defined and classified certain kinds of semigroups. In [43] certain kinds of
regularities of semigroups are characterized by soft union quasi-ideals, soft union
(generalized) bi-ideals, and soft union semiprime ideals of a semigroup. As a
generalization of different types of soft intersection ideals, soft intersection almost
ideals were proposed and studied in [44-55]. The soft forms of various algebraic
structures have been studied in [56-68].

Rao [9] introduced the notion of weak-interior ideals as a generalization of quasi-
ideal, interior ideal, left (right) ideal, and ideal of semigroup and studied the
properties of weak-interior ideals of semigroup. The concept of weak-interior ideals
has also been studied by Rao [69] for I'-semirings, Rao and Rao [70] for I'-
semigroups, and Rao [71] for semirings. In this paper, we transfer this concept to
soft set theory and semigroups by presenting “soft union (S-uni) weak-interior
ideals of semigroups”. We obtain the relations between S-uni weak-interior ideals
and other types of S-uni ideals of a semigroup. Our results show every S-uni weak-
interior ideal of a regular semigroup is an S-uni subsemigroup, and S-uni weak-
interior ideal is a generalization of S-uni ideal and S-uni interior ideal. We also
show that every idempotent S-uni weak-interior ideal is both an S-uni ideal and S-
uni interior ideal and every S-uni weak-interior ideal is both an S-uni ideal and S-
uni interior ideal of a group. Furthermore, we show that S-uni bi-ideals and S-uni
quasi-ideals both correspond to S-uni weak-interior ideals of a group. Our essential
theorem, which states that if a subsemigroup of a semigroup is a weak-interior ideal,
then its soft characteristic function is an S-uni weak-interior ideal, and vice versa,
enables us to bridge the gap between semigroup theory and soft set theory. We
demonstrate how this idea connects to the current algebraic structures in classical
semigroup theory by using this theorem. Furthermore, we present conceptual
characterizations and analysis of the new concept in terms of soft set operations,
soft anti image, and soft inverse image, supporting our assertions with particular,
illuminating examples. The paper is organized into four sections. Section 1 provides
an overview of the subject, while Section 2 delves into the basic concept of
semigroup and soft set ideals, as well as their relevant definitions and consequences.
In Section 3, we propose the concept of S-uni weak-interior ideals and analyze its
properties as well as their relationships with other types of S-uni ideals using
concrete examples. Section 4 summarizes our findings and discusses the potential
future research.



Aleyna Ilgin and Aslihan Sezgin 4

2  Preliminaries

Throughout this paper, S denotes a semigroup. A nonempty subset L of S is called
a subsemigroup of S if LL < L, is called a bi-ideal of S if LL € L and LSL € L, is
called an interior ideal of S if LL € L and SLS < L, and is called a quasi-ideal of S
if LS N SL < L. A subsemigroup L of S is called a left weak-interior ideal of S (left
Wi-ideal) if SLL < L, is called a right weak-interior ideal of S (right WI-ideal) if
LLS € L, and is called a weak-interior ideal of S (WI-ideal) if it is both left WI-
ideal and right WI-ideal [9]. If S is a regular semigroup, then for all x € S, there
exists an element y € S such that x = xyx. A semigroup S is called left simple (L-
simple) if it contains no proper left ideal of S, is called right simple (R-simple) if it
contains no proper right ideal of S, and is called simple if it contains no proper ideal.

Theorem 2.1 [72, 73]. Let S be a semigroup. Then,
(1) S'is L-simple (R-simple) iff Sn =S (nS = S) for all n € S. That is, for
every n, 6 € S, there exists o € S such that 6 = on (6 = no)
(2) S is both L-simple and R-simple iff S is a group.

Definition 2.2 [21, 38]. Let E be the parameter set, U be the universal set, P(U) be
the power set of U, and Y € E. The soft set (SS) f over U is a function such that

friE > P(U), where for all x Y, f,(x) =0. That is, fy = {(x, fr(x)):x €
E, fy(x) € P()}.

The set of all SSs over U is designated by S (U) throughout this paper.

Definition 2.3 [38]. Let f3r € Sg(U). If f3r(x) = @ for all x € E, then f;, is called
a null 8§ and indicated by Q.

Definition 2.4 [38]. Let f, fx € Sg(U). If f3:(x) S fi(x), for all x € E, then f3 is
a soft subset of f; and indicated by f;; € fi. If for(x) = fx(x), for all x € E, then
fac is called soft equal to fi; and denoted by f3; = fx.

Definition 2.5 [38]. Let f3, fx € Sg(U). The union (intersection) of f;, and fy is
the SS fuUfx (fxDfi), where  (f Uf)Ww) =frr(w) U fxw)
((f3e B )W) = far(w) N fx(w)), for all w € E, respectively.

Definition 2.6 [38]. Let f, fx € Sg(U). Then, v-product (A-product) of f; and fy,
denoted by f5 vV fx (f3c Afx) is defined by (f5 Vv f)(,v) = f5:() U fu(v)
((fee A RO, V) = forr() 0 fx(v)) for all (n,v) € E x E, respectively.

Definition 2.7 [39]. Let f, fx € Sg(U) and ¢ be a function from 7 to X. Then, soft
anti image of f3; under ¢, and soft pre-image (or soft inverse image) of fi under ¢
are the SSs ¢(f3) and ¢~1(fy) such that
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(6" (F0)) (V) = {U{f}[(e)le EH and p(e) =v}, if 7 (v) # 0
otherwise

forall v € Xand (¢~1(£)) (e) = fu(¢(e)) for all e € 7.

Definition 2.8 [40]. Let f3 € Sg(U) and a < U. Then, lower a-inclusion of f;,
denoted by 8(fs; @), is defined as §(fyr; @) = {x € H | for(x) € a}.

Definition 2.9 [40]. Let hg, 65 € Sg(U). S-uni product ag * 6 is defined by

{Aig(w) U 65(d)}, if Jw,d € S such that n = wd
(hs = ) =1,

U, otherwise

Theorem 2.10 [40]. Let ps, wg, us € Ss(U). Then,
I (ps *x ws) * us = ps * (ws * ps)

ii. pg*ws # ps * wg, generally.

i, ps*(wsUps) = (ps*ws) U(ps*pus) and  (ps U wg) * us = (ps *
ts) U (ws * pis)

V. ps*(wsNps) = (ps*ws) N (ps*us) and  (ps N ws) * ps = (ps *
Hs) ﬁfv(ws * Us) = _

V. Ifps S wg, then pg * g S ws * * Us and pg * Ps & Us * Ws

vi. If g, ys € Ss(U) such that H € pgand ys € wg, then Hs * v € pg * wg.

Definition 2.11 [40]. Let B< S. We denote by (¢ the soft characteristic function
of the complement Zand it is defined as

(U, ifveS\B
Cge(v) = {@, ifveB

Theorem 2.12 [40]. Let @ + H, M < S. Then,
i. IfH <M, then {yc € {ypc.

“ (}[C ﬁ ZMC = {}[CHMC and C}[C U {MC = {HCUMC'

Definition 2.13 [40]. An SS g over U is called a soft union (S-uni) subsemigroup
of S if xg(xy) S #5(x) Ung(y) forall x,y € S.

Here note that in [40], the definition of “soft union subsemigroup of S is given as
“soft union semigroup of S”’; however in this paper, we prefer to use “soft union (S-
uni) subsemigroup of S”. Also, from now on, we prefer to use “S-uni” instead of
“soft union”.

Definition 2.14 [40, 41]. An SS x over U is called an S-uni left (right) ideal of S
if %5(v2) S #5(R) (5(v2) S #5(v)) for all v,z € S, and is called an S-uni two-
sided ideal (S-uni ideal) of S if it is both S-uni left ideal of S over U and S-uni right
ideal of S over U. An S-uni subsemigroup g is called an S-uni bi-ideal of S if
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us(vnh) € us(v) U ns(h) for all v,n, h € S. An SS x5 over U is called an S-uni
interior ideal of S if #5(unh) S x5(n) forallv,n, h € S.

It is easy to see that if »#5(x) = @ for all x € S, then ¢, is an S-uni subsemigroup
(left ideal, right ideal, ideal, bi-ideal, interior ideal). We denote such a kind of S-
uni subsemigroup (left ideal, right ideal, ideal, bi-ideal, interior ideal) by 8. It is
obvious that 6 = ¢, thatis, 8(x) = @ for all x € S [40, 41].

Definition 2.15 [41]. An SS xg over U is called an S-uni quasi-ideal of S over U if
(g * J’fs) O (J’fs * é) i M.

Theorem 2.16 [40]. Let %5 € Sg(U). Then,
i) 6x030
||) g*}fsigand}{s*éi
- — 9"

Theorem 2.17 [40, 41]. Let x5 € Sg(U). Then,
(1) # is an S-uni subsemigroup iff »g * x5 2 s
(2) x5 is an S-uni left (right) ideal iff 8 » g 3 55 (35 * 0 3 x)
(3) xs is an S-uni bi-ideal iff »g * 5 D 3¢ and g * 6 * 3y 3 xs
(4) xs is an S-uni interior ideal iff 6 * »g * 6 3 x;

Theorem 2.18 [40, 41].
(1) Every S-uni left (right/two-sided) ideal is an S-uni subsemigroup (S-uni bi-
ideal/S-uni quasi-ideal).
(2) Every S-uni ideal is an S-uni interior ideal.
(3) Every S-uni quasi-ideal is an S-uni subsemigroup (S-uni bi-ideal).

Proposition 2.19 [40]. Let f; € S¢(U), a be a subset of U, Im(fs) be the image of
fs such that a € Im(fs). If fs is an S-uni subsemigroup, then §(fs;a) is a
subsemigroup.

Proposition 2.20 [42]. Every S-uni bi-ideal is an S-uni right ideal of an L-simple
semigroup.

Theorem 2.21 [40]. @ # R < S is a subsemigroup iff the SS f; defined by
( )_{a, if meS\R
fstm) =15 ifmeRr

is an S-uni subsemigroup, where a, § € U such that @ 2 £.

For more about soft int-groups and soft cosets, we refer to [74].
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3  Soft Union Weak-interior Ideals of Semigroups

In this section, we introduced soft union weak-interior ideals of semigroups, gave
examples, examined in detail their relations with other soft union ideals, and
analyzed in terms of some soft set concepts and operations.

Definition 3.1. An SS fs over U is called soft union (S-uni) left (right) weak-interior
ideal of S over U if fs(xyz) € fs(y) U fs(2) (fs(xyz) C fs(x)u fs(y)) for all
x,y,z € S. An SS over U is called an S-uni weak-interior ideal of S if it is both S-
uni left weak-interior ideal and S-uni right weak-interior ideal of S over U.

Hereafter, S-uni left (right) weak-interior ideal of S over U is denoted by S-uni left
(right) Wil-ideal for brevity.

Example 3.2. Consider the semigroup S = {®,R, A, @} defined by the following
table:
Table 1: Cayley table with “-” binary operation
| T A A Q

(04
A
A
(]
Let fs and g5 be SSs over U = S5 as follows:
fs = {(®{(D}, A, {(D), (12)}), (A, {(1), (13)}), (@, {(1),(23)})}
gs = {(®,{(1),(123), (132)}), (R, {(12)}), (A {(13)}), (@, {(23)})}
Then, {5 is an S-uni WI-ideal. Here, we find it appropriate to give a few concrete
examples of elements for ease of illustration in order to be more understandable. In
fact,
fs(TAA) = £(P) S £:(A) U fs(A), £5(QQ) = f5(T) < f(@) U f5(@)
fs(AAD) = f5(P) < fs(A) U £5(D)
It can be easily shown that the SS f; satisfies the S-uni left WI-ideal condition for
all other element combinations of the set S. Similarly,
FsAAQ) = £(T) < fs(A) U fs(A), £:(QQA) = £(T) < (@) U £5(@)
fs(@AR) = £(P) < £5(@) U £s(A)
It can be easily shown that the SS {5 satisfies the S-uni right WI-ideal condition for
all other element combinations of the set S, thus {s is an S-uni WIl-ideal. However,
since gs(AAA) = gs(T) £ gs(A) U gs(A), gs is not an S-uni Wi-ideal.

3333
3333

[
(4
(4
A

It is well known that a subsemigroup B of a semigroup S is a left (right) WI-ideal
if SBB € B (BBS < B). It is natural to extend this property to semigroup theory
with Proposition 3.3, Proposition 3.4, and Theorem 3.5.

Proposition 3.3. Let pg € Ss(U). Then, pg is an S-uni left Wi-ideal iff 8 * pg *
Bs =2 Bs.
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Proof: Suppose that g is an S-uni left Wi-ideal and a € S. If (8 * ps * ps)(a) =
U, then 6 = ps * s 2 5. Otherwise, there exist elements x,y,p,q € S such that
a=xy and y =pq, for a € S. Since pg is an S-uni left Wil-ideal, ps(a) =
ps(xy) = ps((p9)y) € Rs(@) U ps(y). Therefore,

(8 ps * ps)(@ = [(8 + ps) * ps]@ = [ {(8 = ps)@ U ps»)
a=xy

=3[ e ups@}upsmi= (] tosi@) ups)

a=xy \ x=pq a=pqy

2 ﬂ {rs(Pgy)} = pPs(xy) = ps(a)
_ a=pqy
Thus, we have 8 * pg * ps 2 [Bs. Moreover, in the case where a = xy and x # pq
fora € S, since (8 * ps)(x) = U, § = pg * ps 3 py is satisfied.
Conversely, assume that 8 * pg * ps 2 ps. Leta = xyz fora, x,y,z € S. Then, we
have
Ps(xyz) = ps(a) € (8 * ps * ps)(a) = [(6 * ps) * ps](a)

= [ (@ rs)am) U ps(} € (8 + ps) () U ps()
= [ 6@ ups@}uprs@ < [§69 U ps)] U ps(2)
xXy=prq

= [0 U ps(M] U ps(2) = ps(¥) U ps(2)
Hence, ps(xyz) € ps(y) U ps(2) implying that s is an S-uni left Wi-ideal.

Proposition 3.4. Let pg € Sg(U). Then, g is an S-uni right Wl-ideal iff pg * jog *
0 3 ps.

Proof: Assume that s is an S-uni right Wi-ideal and v € S. If (s * ps * 8)(v) =
@, then s * pPg * O 3 pg. Otherwise, there exist elemenets x,y,p, q € S such that
v =xy and y = pq, for v € S. Since g is an S-uni right Wl-ideal, ps(v) =
Rs(xy) = ps(x(pq)) S Rs(x) U ps(p). Thus,

(s * s * 0)(V) = [ps * (ps * 0)](v) = ﬂ {Ps(®) U (ps * 0)(»)}

v=xy
= (N {ps@ v [V os@ v8@) { = [ o) U ps o)
v=xy y=pq v=xpq
2 ﬂ {ps(xpq)} = ps(xy) = ps(v)

v=xpq

Hence, we have pg * ps * 0 3 . Moreover, in the case where v = xy and x #

pq for v € S, since (ps * ) (y) = U, ps * ps * 8 3 pg is satisfied.

Conversely, let pg * ps * 8 2 pg. Let v = net for v, 1, e, t € S. Then, we have
ps(net) = pg(v) € (ps * ps * 6) (V) = [ps * (ps * 6)[(v)
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= () {stm) U (ps * )@} € ps(m) U (s * ) eV

v=mn

= psm U [ {ps@) U 8@} € ps(m) U [s(e) VIO
et=pq
= ps(m) U [ps(e) U @] = ps(m) U ps(e)
Therefore, ps(net) S ps(m) U ps(e), implying that g is an S-uni right Wi-ideal.

Theorem 3.5. Let pg € Ss(U). Then, s is an S-uni Wi-ideal iff 8 * ps * ps 2 s
and s * ps * 0 3 ps.
Proof: It follows from Proposition 3.3 and Proposition 3.4.

Corollary 3.6. 8 is an S-uni Wi-ideal.

Proposition 3.7. @ = R < S is a left (right) WI-ideal iff the S-uni subsemigroup fs
defined by
a, if meS\R

fS(m):{ﬁ, Lf’n’LER
is an S-uni left (right) Wl-ideal, where «, § € U such that « 2 £.
Proof: The proof is presented only for S-uni left WI-ideal, as the proof for S-uni
right Wl-ideal can be shown similarly. Suppose R is a left WIl-ideal and x, a,b € S.
If a,b € R, then xab € R. Hence, fs(xab) = fs(a) = fs(b) = B and so fs(xab) <
fs(@)Ufs(b). Ifa ¢ Rand b & R then, xab € R or xab & R. In this case, if xab €
R, then B = fs(xab) € fs(a) Ufs(b) = a. If xab & R, then a = fs(xab) <
fs(@)Ufs(b) = a.Ifa € Ror b € R, then xab € R or xab & R. Here, firstly note
that, if a € R or b € R, then either fs(a) U fs(b) = B (the case where a € R and
b € R) or fs(a) U fs(b) = a (the case wherea e Rand b ¢ R (orifa € Rand b €
R)). Thus, either xab € R or xab & R, in any case fs(xab) < fs(a) U fs(b), since
a 2 . Hence, fs is an S-uni left WI-ideal. Conversely assume that S-uni
subsemigroup fs is an S-uni left Wl-ideal. Leta, b € R,and x € S. Then, fs(xab) S
fs(a) = fs(b) = B. Since B < a and the function is a two-valued function,
fs(xab) # a, implying that fs(xab) = B. Hence, xab € R. By Theorem 2.21, R is
a subsemigroup. Thus, R is a left WI-ideal.

Theorem 3.8. @ # R < S is a WI-ideal iff the S-uni subsemigroup fs defined by
( )_{a, if meS\R
fstm) =15 ifmeRr

is an S-uni WI-ideal, where a, 8 € U such that a 2 .

Proposition 3.9. Let H be a subsemigroup. Then, H is a left (right) Wl-ideal iff {};c
is an S-uni left (right) WIl-ideal.
Proof: Since
U, ifveS\H
{HC(U) = {@, lf v EH

and U 2 @, the remainder of the proof is completed based on Proposition 3.7.
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Theorem 3.10. Let H be a subsemigroup. Then, H is a Wi-ideal iff {;;c is an S-uni
WI-ideal.

Example 3.11. We consider the semigroup in Example 3.2. One can show that P =
{?,7, A} is a WIl-ideal. By the definition of the soft characteristic function, {pc =
{(?,0),(",0),(A0),(QU)} Then, {,c is an S-uni Wi-ideal. Conversely, by
choosing the S-uni WI-ideal as fs = {(7°, 0), (3, 0), (A, ©), (@, U)}, which is the
soft characteristic function of K = {0, A, A}, one can show that K is a WI-ideal.

Now, we continue with the relationships between S-uni WI-ideals and other types
of S-uni ideals of S.

Proposition 3.12. Every S-uni left Wl-ideal is an S-uni subsemigroup of a regular
semigroup.

Proof: Let fg be an S-uni WI-ideal of a regular semigroup S and y,» € S. By
assumption, for all y € S, there exists 2 € S such that y = yay. Thus, fs(yr) =

fs(hay)r) = fs(yh)yr) € fs(¥) U f5(r). Hence, fs is an S-uni subsemigroup.

Proposition 3.13. Every S-uni right Wl-ideal is an S-uni subsemigroup of a regular
semigroup.

Proof: Let f; be an S-uni right WI-ideal of a regular semigroup S and v,n € S.
Then, for all n €S, there exists x € S such that n =nxn. Thus, fs(vn) =

fs(v(nxm)) = fs(vn(xn)) <€ fs(v) U f5(n). Hence, f; is an S-uni subsemigroup.

Theorem 3.14. Every S-uni WI-ideal is an S-uni subsemigroup of a regular
semigroup.
Proof: The proof follows from Proposition 3.12 and Proposition 3.13.

Proposition 3.15. Every S-uni left ideal is an S-uni left Wl-ideal.
Proof: Let fg be an S-uni leftideal. Then, 8 * fg 3 fs and fs * {5 3 f5. Thus, 8 * f *
fs 3 fs * fs 3 f5. Hence, {5 is an S-uni left Wl-ideal.

We present a counterexample to demonstrate that the converse of Proposition 3.15
is not valid.

Example 3.16. Consider the SS {5 in Example 3.2. It was shown in Example 3.2
that fs is an S-uni left Wi-ideal. Since fg(AA) = fs(A) € fs(A), {5 is not an S-uni
left ideal.

Proposition 3.17 demonstrates that the converse of Proposition 3.15 is valid for the
L-simple semigroups, and Proposition 3.18 demonstrates that the converse of
Proposition 3.15 is valid for the idempotent SSs as well.

Proposition 3.17. Let f; € S¢(U) and S be an L-simple semigroup. Then, the
following conditions are equivalent:



11 Soft Union Weak-interior Ideals of Semigroups

1. fsisan S-uni left ideal.

2. fsisan S-uni left WI-ideal.
Proof: Proposition 3.15 demonstrates that (1) implies (2). Assume that fs is an S-
uni left WIl-ideal and A, € S. By assumption, there exists x € S such that A = xn.

Thus, fs(hn) = fs((xn)n) = fs(x(mm)) € fs(m) U fs(m) = fs(m). Thus, fs is an
S-uni left ideal.

Proposition 3.18. Let f; be an idempotent SS over U. Then, the following
conditions are equivalent:

1. fgisan S-uni left ideal.

2. fgisan S-uni left WI-ideal.
Proof: Proposition 3.15 demonstrates that (1) implies (2). Let fs be an S-uni left
WI-ideal. Since f is an idempotent S-uni left Wi-ideal, 8 = f; = 0 * f5 = fs 3 fs.
Hence, fs is an S-uni left ideal.

From here, it is obvious that any idempotent S-uni left WI-ideal coincides with the
S-uni left ideal.

Proposition 3.19. Every S-uni right ideal is an S-uni right WIl-ideal.
Proof: Let f; be an S-uni right ideal. Then, f5 * 8 3 fs and f = fs 3 fs. Thus, fs *
fs*0 3 fs * fs 3 f;. Therefore, f5 is an S-uni right Wl-ideal.

We present a counterexample to demonstrate that the converse of Proposition 3.19
is not valid.

Example 3.20. Consider the SS {5 in Example 3.2. It was shown in Example 3.2
that {5 is an S-uni right Wi-ideal. Since fg(AA) = fs(A) € fs(A), fs is not an S-uni
right ideal.

Proposition 3.21 demonstrates that the converse of Proposition 3.19 is valid for the
R-simple semigroups, and Proposition 3.22 demonstrates that the converse of
Proposition 3.19 is valid for the idempotent SSs as well.

Proposition 3.21. Let f; € Sg(U) and S be an R-simple semigroup. Then, the
following conditions are equivalent:

1. fsisan S-uni right ideal.

2. fgisan S-uni right WI-ideal.
Proof: Proposition 3.19 demonstrates that (1) implies (2). Assume that fs is an S-
uni right WI-ideal and v, 2 € S. By assumption, there exists x € S such that A =
vx. Then, fs(wh) = fs((X)) = fs((WV)X) € fs(V) U fs(v) = fs(v). Thereby, f;

Is an S-uni right ideal.

Proposition 3.22. Let fo be an idempotent SS over U. Then, the following
conditions are equivalent:
1. fsisan S-uni right ideal.
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2. fgisan S-uni right WI-ideal.
Proof: Proposition 3.19 demonstrates that (1) implies (2). Assume that f; is an S-
uni right Wi-ideal. Since f; is an idempotent S-uni right Wi-ideal, fs * 8 = f5 * fg *
6 3 fs. Thus, fs is an S-uni right ideal.

From here, it is obvious that any idempotent S-uni right WI-ideal coincides with
the S-uni right ideal.

Theorem 3.23. Every S-uni ideal is an S-uni WI-ideal.
Proof: It follows from Proposition 3.15 and Proposition 3.19.

Here, note that the converse of Theorem 3.23 is not true, following from Example
3.16 and Example 3.20. Theorem 3.24 demonstrates that the converse of Theorem
3.23 is valid for groups, and Theorem 3.25 demonstrates that the converse of
Theorem 3.23 is valid for the idempotent SSs as well.

Theorem 3.24. Let f; € Sg(U) and S be a group. Then, the following conditions
are equivalent:

1. fgisan S-uni ideal.

2. fgisan S-uni WI-ideal.
Proof: Theorem 3.23 demonstrates that (1) implies (2). Assume that fs is an S-uni
WI-ideal of a group S. Then, by Theorem 2.1 (2), S is both an L-simple and an R-
simple semigroup. The remainder of the proof is completed based on Proposition
3.17, and Proposition 3.21.

Theorem 3.25. Let fs be an idempotent SS over U. Then, the following conditions
are equivalent:

1. fgisan S-uni ideal.

2. fgisan S-uni WI-ideal.
Proof: It follows from Proposition 3.18 and Proposition 3.22.

Proposition 3.26. Every S-uni interior ideal is an S-uni left Wl-ideal.
Proof: Let f; be an S-uni interior ideal. Then, 8 = f; x 8 3 f;. Thus, 6 * f *
fs 20 xf;x0 3 f;. Hence, fs is an S-uni left Wi-ideal.

We present a counterexample to demonstrate that the converse of Proposition 3.26
is not valid.

Example 3.27. Consider the semigroup S = {0, @), €} defined by the following
table:
Table 2: Cayley Table with “®” binary operation

®lc ®

(o o

®

g
® £
® €

£ ® €

Q Q
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Let o5 be an SS over U = {T, 0, A, I1, £} as follows:
ps = {(0,{I,0,A}), (W, {I1}), (€, {Z})}
Here, 135 is an S-uni left WI-ideal. In fact,
(8 % ps * Ps)(0) = {I,8,A} 2 ps(0) = {I,0,A}
(8 * s * ps) (W) = {I} 2 ps(W) = {1}, (8 * ps * ps) (€) = {Z} 2 ps(€) = {Z}
thus, 35 is an S-uni left Wi-ideal. However, since ps(cWE€) = p5(€) € ps(W),
Bs 1S not an S-uni interior ideal.

Proposition 3.28 demonstrates that the converse of Proposition 3.26 is valid for L-
simple semigroups.

Proposition 3.28. Let f; € Sg(U) and S be an L-simple semigroup. Then, the
following conditions are equivalent:

1. fsisan S-uni interior ideal.

2. fsisan S-uni left WI-ideal.
Proof: Proposition 3.26 demonstrates that (1) implies (2). Assume that f; is an S-
uni left Wi-ideal. Since S is an L-simple semigroup, by Proposition 3.17, fs is an S-
uni left ideal. Let a, b,n € S. By assumption, there exists x € S such that n = xb.
Thus, fs(abn) = fs(ab(xb)) = fs((abx)b) S f;(b). Hence, f; is an S-uni interior
ideal.

Proposition 3.29. Every S-uni interior ideal is an S-uni right WI-ideal.
Proof: Let fg be an S-uni interior ideal. Then, 8 = fg* 8 3 f5. Thus, fs * fs *
0 30 «fs+0 3 5. Hence, f is an S-uni right Wl-ideal.

We present a counterexample to demonstrate that the converse of Proposition 3.29
is not valid.

Example 3.30. Consider the semigroup S = {p, v, T} defined by the following table:
Table 3: Cayley Table with “©” binary operation

Let 65 be an SS over U = {T, 0, A, I1, £} as follows:
6-5 = {(p: {F, 9})’ (V’ {A})’ (T' {H' E})}
Here, 65 is an S-uni right WI-ideal. In fact, 3
(65 * g * 9)(/)) ={I,0} 2 ﬁsSP) = {I, 0}, (ﬁs * g * 9)(V) ={A} 2 6;(v) = {A}
(65 * 65+ 6)(r) = {I, %} 2 65(v) = {11, 2}
thus, 6 is an S-uni right WI-ideal. However, since tg(tvp) = 65(1) € 65(v), G5
is not an S-uni interior ideal.

Proposition 3.31 demonstrates that the converse of Proposition 3.29 is valid for R-
simple semigroups.
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Proposition 3.31. Let f; € S¢(U) and S be an R-simple semigroup. Then, the
following conditions are equivalent:

1. fsisan S-uni interior ideal.

2. fgisan S-uni right WI-ideal.
Proof: Proposition 3.29 demonstrates that (1) implies (2). Assume that f; is an S-
uni right Wil-ideal. Since S is an R-simple semigroup, by Proposition 3.21, f; is an
S-uni right ideal. Let v, b, h € S. By assumption, there exists x € S such that v =
bx. Thus, fs(vbh) = fs((bx)bh) = fs(b(xbh)) € fs(b). Hence, fs is an S-uni
interior ideal.

Theorem 3.32. Every S-uni interior ideal of S is an S-uni WI-ideal.
Proof: The proof follows from Proposition 3.26 and Proposition 3.29.

Theorem 3.33 demonstrates that the converse of Theorem 3.32 is valid for the
groups.

Theorem 3.33. Let fs € Sg(U) and S be a group. Then, the following conditions
are equivalent:

1. fsisan S-uni interior ideal.

2. fgisan S-uni WI-ideal.
Proof: Theorem 3.32 clearly demonstrates that (1) implies (2). Assume that fs is
an S-uni Wl-ideal and S is a group. By Theorem 2.1 (2), S is both an R-simple and
an L-simple semigroup. The remainder of the proof is completed based on
Proposition 3.28 and Proposition 3.31.

Moreover, it is obvious that every idempotent S-uni WI-ideal is an S-uni interior
ideal.

Proposition 3.34. Every S-uni bi-ideal is an S-uni right WIl-ideal of an L-simple
semigroup.

Proof: Let fs be an S-uni bi-ideal of an L-simple semigroup. Then, by Proposition
2.20, fs is an S-uni right ideal. The remainder of the proof is clear from Proposition
3.19.

Proposition 3.35. Every S-uni bi-ideal is an S-uni left Wi-ideal of an R-simple
semigroup.

Proof: Let f; be an S-uni bi-ideal of an R-simple semigroup S and y,r,s € S. By
assumption, there exists ¥ € S such that y = r». Then, fs(yrs) = fs((¥)rs) =
fs(Grwr)s) € fsGwr) U fs(s) € (fs() U £5(7) U fs(5) = f5(r) U fs(s)implying
that fs is an S-uni left WI-ideal.

Theorem 3.36. Every S-uni bi-ideal is an S-uni WI-ideal for a group S.
Proof: By Theorem 2.1 (2), S is both an R-simple and L-simple semigroup. The
remainder of the proof is completed based on Proposition 3.34 and Proposition 3.35.
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Proposition 3.37. Every S-uni quasi-ideal is an S-uni right WI-ideal of an L-simple
semigroup.

Proof: Let fs be an S-uni quasi-ideal of an L-simple semigroup S. Then by Theorem
2.18 (3), fs is an S-uni bi-ideal. Since S is an L-simple semigroup, fs is an S-uni
right Wil-ideal by Proposition 3.34.

Proposition 3.38. Every S-uni quasi-ideal is an S-uni left Wi-ideal of an R-simple
semigroup.

Proof: Let f; be an S-uni quasi-ideal of an R-simple semigroup S. Then by Theorem
2.18 (3), fs is an S-uni bi-ideal. Since S is an R-simple semigroup, fs is an S-uni
left Wl-ideal by Proposition 3.35.

Theorem 3.39. Every S-uni quasi-ideal is an S-uni WI-ideal for a group S.
Proof: By Theorem 2.1 (2), S is both an R-simple and an L-simple semigroup. The
remainder of the proof is completed based on Proposition 3.37 and Proposition 3.38.

Proposition 3.40. Every S-uni left Wi-ideal is an S-uni quasi-ideal of an L-simple
semigroup.

Proof: Let fs be an S-uni left WI-ideal of an L-simple semigroup S. Since S is an
L-simple semigroup, fs is an S-uni left ideal by Proposition 3.17. Then, by Theorem
2.18 (1), fs is an S-uni quasi-ideal.

Moreover, it is obvious that every idempotent S-uni left WI-ideal is an S-uni quasi-
ideal.

Proposition 3.41. Every S-uni right Wi-ideal is an S-uni quasi-ideal of an R-simple
semigroup.

Proof: Let fs be an S-uni right WI-ideal of an R-simple semigroup S. Since S is an
R-simple semigroup, fs is an S-uni right ideal by Proposition 3.21. Then, by
Theorem 2.18 (1), fs is an S-uni quasi-ideal.

Moreover, it is obvious that every idempotent S-uni right WI-ideal is an S-uni quasi-
ideal.

Theorem 3.42 demonstrates that the converse of Theorem 3.39 valid as well.
Theorem 3.42. Every S-uni WI-ideal is an S-uni quasi-ideal for a group S.
Proof: By Theorem 2.1 (2), S is both an R-simple and an L-simple semigroup. The

remainder of the proof is completed based on Proposition 3.40 and Proposition 3.41.

Moreover, it is obvious that every idempotent S-uni WI-ideal is an S-uni quasi-
ideal.

Proposition 3.43. Every S-uni left WI-ideal is an S-uni bi-ideal of an L-simple
semigroup.
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Proof: Let f be an S-uni left Wl-ideal of an L-simple semigroup S. Since S is an
L-simple semigroup, fs is an S-uni quasi-ideal by Proposition 3.40. Then by
Theorem 2.18 (3), fs is an S-uni bi-ideal.

Moreover, it is obvious that every idempotent S-uni left WI-ideal is an S-uni bi-
ideal.

Proposition 3.44. Every S-uni right Wl-ideal is an S-uni bi-ideal of an R-simple
semigroup.

Proof: Let fs be an S-uni right WI-ideal of an R-simple semigroup S. Since S is an
R-simple semigroup, fs is an S-uni quasi-ideal by Proposition 3.37. Then, by
Theorem 2.18 (3), fs is an S-uni bi-ideal.

Moreover, it is obvious that every idempotent S-uni right WI-ideal is an S-uni bi-
ideal.

Theorem 3.45 demonstrates that the converse of Theorem 3.36 valid as well.

Theorem 3.45. Every S-uni WI-ideal is an S-uni bi-ideal for a group S.
Proof: By Theorem 2.1 (2), S is both an R-simple and an L-simple semigroup. The
remainder of the proof is completed based on Proposition 3.43 and Proposition 3.44.

Moreover, it is obvious that every idempotent S-uni WIl-ideal is an S-uni bi-ideal.

Proposition 3.46. Let f; and f; be S-uni left (right) WIl-ideals of S and T,
respectively. Then, fs V fr is an S-uni left (right) Wi-ideal of S X T.

Proof: The proof is presented only for S-uni left WI-ideal, as the proof for S-uni
right Wl-ideal can be shown similarly. Let (c4,%,), (2, %2), (3,%43) € S X T. Then,

fSVT((glftl)(CZ:tZ)(g3't3)) = four (616263, E1%2%3) = f5(516263) U fr(¥1%2%3)
c (fs(gz) U fs(§3)) U (fT(’Ez) U fT(t3)) = (fs(gz) U fT(’Ez)) U (fs(§3) U fT(’%))

= fovr(S2,%2) U fsur(G3, %3)
Thus, fs Vv fr is an S-uni left Wl-ideal of S X T

Theorem 3.47. Let f; and f be S-uni WI-ideals of S and T, respectively. Then,
fs V frisan S-uni Wl-ideal of S X T.

Proposition 3.48. Let {5 and g be S-uni left (right) Wi-ideals. Then, {5 U g5 is an
S-uni left (right) Wi-ideal.

Proof: The proof is presented only for S-uni left WI-ideal, as the proof for S-uni
right WI-ideal can be shown similarly. Let fg and g5 be S-uni left Wi-ideals. Then,
6+ fs* fs S fs and B * g * o5 3 fog. Thus, B * (fs U o) * (fs U fo5) 2 0 * f5 *
fs3fs and O+ (FsTgps)* JsUgps) S0 s+ s 3 5. Hence, 0
(s U gs) * (Js U go5) 3 5 U go5. Thus, 5 U gog is an S-uni left Wi-ideal.
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Theorem 3.49. Let {5 and g4 be S-uni Wl-ideals. Then, {5 U g5 is an S-uni WI-
ideal.

Proposition 3.50. Let {5 be an S-uni left and 0 be an S-uni right ideal. Then, fg *
1 Is an S-uni WI-ideal.

Proof: Let { be an S-uni left and 1 be an S-uni right ideal. Then, 0 *fs 3 {s, N *
6 37, and f5+fs 3 fs, ng*ng 3 Mg Thus, 6« (fs = T]g) * (fs *T]S) 3 fs
Mg *fs * Ng S fs * 6 * f5 * Ng S fs * fs * ng 3 f5 * M. Hence, f5 * 1 is an S-uni
left Wi-ideal. Similarly, since (fs * 1) * (fs * 0g) * 0 3 fg * 06 * fs * 1g 3 fs *
Ne*0 x5 S fsxng*0g 2 fs * M, thus fs*ng is an S-uni right Wi-ideal.
Therefore, {5 * 7 is an S-uni Wl-ideal.

Corollary 3.51. Let {5 and hg be S-uni ideals. Then, fs * hg is an S-uni WI-ideal.

Proposition 3.52. Let fg be an S-uni subsemigroup over U, « be a subset of U,and
Im(fs) be the image of f; such that a € Im(fs). If f5 is an S-uni left (right) WI-
ideal, then §(fs; @) is a left (right) Wl-ideal.

Proof: The proof is presented only for S-uni left WI-ideal, as the proof for S-uni
right WI-ideal can be shown similarly. Since fs(v) = a for some vE€ S, @ #
S(fs;a) ©S. Letk,n € §(fs;a) andv € S. Then, fs(k) € a and fs(n) € a. Itis
needed to show that vkn € §(fs; ) for all k,n € §(fs; @) and v € S. Since fs is an
S-uni left WiI-ideal, it follows that fs(vkn) € fs(k)Ufs(n) CSaVa=a
implying that vkn € §(fs; a). Moreover, since f is an S-uni subsemigroup over U,
by Proposition 2.19, §(fs; a) is a subsemigroup. Thus, 8(fs; @) is a left Wl-ideal.
Therefore, the proof is completed.

Theorem 3.53. Let f5 be an S-uni subsemigroup over U, a be a subset of U, and
Im(fs) be the image of fs such that a € Im(fs). If fs is an S-uni Wl-ideal, then
8(fs; @) is a Wl-ideal.

We illustrate Theorem 3.53 with Example 3.54.

Example 3.54. Consider the semigroup S in Example 3.2. Let ¢ be an SS over
U = S5 as follows:
s ={(®,{D, A {(1), A2}, (A {(1), (12), (123)}), (@, {(1), (12),(132)})}
Here, g is an S-uni WI-ideal. Firstly, g is an S-uni subsemigroup. In fact,
(5 * 05)(T) = {(D} 2 p5(P) = {(1)}
(s * $05) () = {(1), (12)} 2 () = {(1), (12)}
(s * $5)(A) = U 2 pos(A) ={(1),(12), (123)}
(95 * $05)(@) = U 2 p5(@) = {(1), (12), (132)}
thus, g is an S-uni subsemigroup. Similarly, g is an S-uni left WI-ideal. In fact,
(6 * o5 * $05) (T) = {(1D} 2 ps(P) = {(1)}
(6 * g5 p5)() = U 2 ps(A) = {(1), (12)}
(6 * g5 p5)(A) = U 2 s (A) = {(1), (12), (123)}
(6 * g5 * 05) (@ = U 2 p5(@) = {(1), (12), (132)}
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thus, g is an S-uni left WI-idgaI. Similarly, g is an S-uni right Wi-ideal. In fact,
(fos * fos * 63)(?5’) ={(D} 2 p:(?) ={(1)}
(fos * s * 0)(A) = U 2 ps(A) = {(1), (12)}
(05 % 5+ ) (A) = U 2 ps(A) = {(1),(12), (123)}
(05 * 05+ 0)(@) = U 2 p5(@) = {(1),(12), (132)}
thus, g is an S-uni right Wil-ideal. Thus, g5 is an S-uni WI-ideal. By considering
the image set of g, that is,
Im(gs) = {(D}L{(D), (12)}, {(1), (12), (123)},{(1), (12), (132)}}
we obtain the following:
{,3,A}, a={(1),(12),(123)}
L _J{?R,@,  a={(1),(12),(132)}
SPsO=V A, a={(1),12)
{T}, a ={(1)}

Here, {®,7, A}, {?,R, @}, {, A} and {T} are all WIl-ideals. In fact, since

{03, A}-{D,3,A} ={0,A} c {P,A A} {710} {PA @} ={?A} c {PA Q}

{?,7}-{?,7} = {?} < {?,7}, {T} - {?} = {?} < {T}
each §(gs; a) is a subsemigroup. Similarly, since
SH{PAA}-{PAA}={P}c{D,A A}, S-{DA @} {PA 0} = {7} c{PA @}
{3} {23} ={?} < {P,A}, - {?}- {?} = {?} < {T}
each §(gs; a) is a left Wi-ideal. Similarly, since
{08, A}-{T,AA}-S ={P} {TAA}L{P,A0}-{?A,@} S ={T}c {PA @}
{©,A}-{?,7}- S ={?} c {7}, {P}- {T}- S = {T} = {T}

each §(gs; a) is a right Wl-ideal, and thus each of §(go5; @) is a WI-ideal.

Now, consider the SS g in Example 3.2. By taking into account

Im(gs) = {{(12)}, {(13)},{(23)}, {(1), (123), (132)}}
we obtain the following:
A},  a={12)}

o )AL a={(13)}
3950 =110}, a={23)
{T} a=1{(1),(123),(132)}
Here, {@} is not a WI-ideal. In fact, since {@}-{@} = {A} € {@}, one of the
$(gs; @) is not a subsemigroup, hence it is not a WI-ideal. It is seen that each of
$(gs; @) is not a Wl-ideal. On the other hand, in Example 3.2 it was shown that g
is not an S-uni Wi-ideal.

Definition 3.55. Let f; be an S-uni subsemigroup and S-uni left (right) Wi-ideal.
Then, the left (right) Wi-ideals §(fs; @) are called lower a-left (right) WI-ideals of

fs.

Proposition 3.56. Let fs € Sg(U), 8(fs; @) be the lower a-left (right) Wl-ideal of
fs for each @ < U and Im(fs) be an ordered set by inclusion. Then, fs is an S-uni
left (right) Wi-ideal.

Proof: The proof is presented only for S-uni left WIl-ideal, as the proof for S-uni
right Wl-ideal can be shown similarly. Let a,x,y € Sand fs(x) = a; and fs(y) =
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a,. Suppose that a; € a,. It is obvious that x € §(fs; a;) and y € §(fs; a,). Since
a, € ay, x,y € (fs; @) and since §(fs; ) is a left WI-ideal for all a« € U, it
follows that axy € 8(fs; a,). Hence, fs(axy) € a, = a; Ua, = fo(x) U fs(v).
Thus, fs is an S-uni left WI-ideal.

Theorem 3.57. Let fs € Sg(U), 8(fs; a) be the lower a-WI-ideal of f; for each a ©
U and Im(fs) be an ordered set by inclusion. Then, fs is an S-uni WI-ideal.

Proposition 3.58. Let fs, fr € Sg(U), and ¥ be a semigroup isomorphism from S
to T. If f5 is an S-uni left (right) WI-ideal of S, then ¥ (fs) is an S-uni left (right)
WI-ideal of T.

Proof: The proof is presented only for S-uni left WI-ideal, as the proof for S-uni
right WI-ideal can be shown similarly. Let t;, t,, t; € T. Since ¥ is surjective, there
exist 3;,38,,8; € Ssuch that ¥(3;) = t;, ¥(S,) = t, and Y(S33) = t3. Then,

W () titats) = [ 6B 3 €S, = titats)

= (if:9): 3 € 5,5 = v (tyt,t:)}

= [ 50:5 €55 =P (P(5:3,39)) = $:3,35)

() .
- {f5(515253):51 € S, l)[)(jl) == tl,l == 1,2,3}

c [0 U f(5): 30,85 € S,9(8,) = t; and P(8;) = t5)

= (l/i(fs))(tz) U (¢(fs))(t3)
Hence, ¥ (fs) is an S-uni left Wl-ideal of T.

Theorem 3.59. Let fs, fr € Sg(U), and ¥ be a semigroup isomorphism from S to
T. If f is an S-uni Wl-ideal of S, then y*(f5) is an S-uni WIl-ideal of T.

Proposition 3.60. Let fs, fr € Sg(U) and i be a semigroup isomorphism from S to
T. If f7 is an S-uni left (right) Wl-ideal of T, then y~1(f7) is an S-uni left (right)
WiI-ideal of S.

Proof: The proof is presented only for S-uni left WI-ideal, as the proof for S-uni
right WI-ideal can be shown similarly. Let 5,715,153 €S. Then,

(w_l(fT))(ThUzUs) = fT(’J’(Uﬂ?ZUs)) = fT(¢(U1)1/)(772)1/)(773)) c fT(lp(Uz)) U

fT(lp(Yh)) = (¢_1(fT))(U2) U (¢_1(fT))(U3)- Thus, Y~1(fr) is an S-uni left
WiI-ideal of S.

Theorem 3.61. Let fs, fr € Sg(U), and ¥ be a semigroup isomorphism from S to
T. If fy is an S-uni WIi-ideal of T, then y~1(f7) is an S-uni WIi-ideal of S.

Proposition 3.62. For a semigroup S, the following conditions are equivalent:
1. Sisregular.
2. fs = 0 *fs * f for every idempotent S-uni left Wi-ideal.
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Proof: Suppose that (1) holds. Let S be a regular, fs be an idempotent S-uni left
Wi-ideal, and x € S. Then, 6 {5 * fs 2 {5, fs * fs = fs and there exists an element
y € S such that x = xyx. Thus,

(855 +£5) ) = (0 <)@ = [ | {0@ ufs)
x=ab
~ < 6(xy) Ufs(x) = @ Ufs(x) = fs(x)

Therefore, 8 * {5 * f¢ € {5 implying that f¢ = 6 * {5 * {s.

Conversely, let fg = 8 * {5 * 5, where {5 is an S-uni left Wl-ideal. To prove that S
Is regular, we need to show that B = SBB for every left WI-ideal B. It is clear that
SBB < B. Thus, it suffices to prove that B € SBB. On the contrary, let there exist
6 € B such that 6 € SBB. By Proposition 3.9, {c is an S-uni left Wl-ideal. Since
6 € B, thus, {5c(6) = @. On the other hand, since 6 ¢ SBB, this implies that there
do not exist y,z € B and x € S such that 6 = xyz. Thus, ({sc * {gc * {5c)(0) =
(6 * {gc * {5c)(0) = U. However, this conflicts with our hypothesis. Thus, B <
SBB and so B = SBB. Therefore, S is regular.

Proposition 3.63. For a semigroup S, the following conditions are equivalent:

1. Sisregular.

2. {5 = fs * fs * @ for every idempotent S-uni right Wl-ideal.
Proof: Suppose that (1) holds. Let S be a regular semigroup, fs be an idempotent
S-uni right Wl-ideal, and x € S. Then, fg = fs * 0 3 {5, fs * fs = 5 and there exists
an element y € S such that x = xyx. Thus,

(Fs *fs + )0 = (s + )@ = [ | ls(@) v G0}
x=ab

SHE@UIGN) =fx) U0 = fi(x)
Therefore, fs = {5 * 8 € fg implying that fg = fg o fs © 0.
Conversely, let fs = fs x 8 = {5, where {5 is an S-uni right WIl-ideal. To prove that
S is regular, we need to show that B = BBS for every right WIl-ideal B. It is clear
that BBS < B. Thus, it suffices to prove that B € BBS. On the contrary, let there
exist 6 € B such that 6 € BBS. By Proposition 3.9, {gc is an S-uni right Wi-ideal.

Since 6 € B, thus, {5c(6) = @. On the other hand, since ¢ & BBS, this implies that
there do not exist x,y € B and z € S such that 6 = xyz. Thus, (Jgc * {gc *
{5¢)(6) = ({ge * {ge * B)(6) = U. However, this conflicts with our hypothesis.
Thus, B € BBS and so B = BBS. Therefore, S is regular.

Theorem 3.64. For a semigroup S, the following conditions are equivalent:
1. Sisregular.
2. fs =0 {5 x {5 = f5 * {5 = O for every idempotent S-uni WIl-ideal.

4  Conclusion

As a generalization of the quasi-ideal, interior ideal, left (right) ideal, and ideal of
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semigroup, Rao [9] developed the idea of weak-interior ideals (WI-ideals) and
studied the characteristics of weak-interior ideals (WI-ideals) of a semigroup. By
introducing “S-uni weak-interior ideals (S-uni WI-ideals) of semigroups”, we
applied this idea to SS theory and semigroup theory in this study. The relationships
between S-uni WIl-ideals and various varieties of S-uni ideals of a semigroup were
derived. We showed that an S-uni ideal and S-uni interior ideal is an S-uni WI-
ideal, however, the converses are not true with counterexamples. For the converses,
we show that the semigroup should be group or the S-uni WI-ideal should be
idempotent. Besides, we show that in a group, S-uni bi-ideals and S-uni quasi-ideals
coincide with S-uni WI-ideals. With our key theorem that shows if a subsemigroup
of a semigroup is a WI-ideal, then its soft characteristic function is an S-uni WI-
ideal, and vice versa, we show how this notion relates to the existing algebraic
structures in classical semigroup theory and thus, we construct a relation between
semigroup theory and SS theory. In addition, we give conceptual characterizations
of the novel idea in terms of soft anti image, soft inverse image, and SS operations,
providing specific and insightful examples to back up our claims. In future studies,
S-uni WIl-ideals can be characterized more by certain types of semigroups.

The relation between several S-uni ideals and their generalized ideals is depicted in
the following figure, where A — B denotes that A is B but B may not always be A.

S-uni bi-ideal

T

> S-uni quasi- “
ideal

T

S-uni left ideal <+—— S-uni ideal —  S-uni right ideal

v

S L-simple S-uni interior S R-simple
ideal

v s group

aidwis-1 S
aldwis-y S

—> | S-uni left WI- S-uni right WI- <«

ideal <—— S-uni Wl-ideal ——» ideal

¢ S regular

S regular S-uni S regular
> subsemigroup

Fig 1: The relation between several S-uni ideals and their generalized ideals of
semigroups.

aidwis-1 S
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S  Open Problem

How is the characterization of the S-uni weak-interior ideals, if the semigroup is

semisimple, duo, right (left) zero or intra/completely/quasi/weakly regular?
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