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Abstract

In this paper, we study the equitable chromatic number
of comb product graphs formed by combining standard graph
classes. Specifically, we determine the comb product of path
with path, path with complete, complete with path, complete
with complete, cycle with cycle, cycle with path, path with cy-
cle.
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1 Introduction

Graph coloring is a fundamental area in graph theory with applications in
scheduling, load balancing, and resource allocation. Among its variations, eg-
witable coloring is especially significant when fairness or balanced distribution
is required. An equitable coloring of a graph M is a proper vertex coloring in
which the sizes of any two color classes differ by at most one. Formally, it is
a partition of the vertex set V(M) into k independent sets Vi, Vs, ..., Vi such
that |[V;| — |V;]| <1 for all 4, j. The smallest integer k is called the equitable
chromatic number, denoted x—(M). This concept was introduced by Meyer [8],
who proved that for any connected graph M other than a complete graph or
an odd cycle, we have xy—(M) < A(M), where A(M) is the maximum degree.
A more general and foundational result is the Hajnal-Szemerédi Theorem [4],
which states that every graph M with maximum degree A admits an equitable
coloring with at most A + 1 colors, i.e., x—(M) < A+ 1. Several refinements
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and extensions have been established since then. For instance, Chen, Lih, and
Wu [2] proved that every tree is equitably 2-colorable. Kierstead and Kos-
tochka [7] extended the Hajnal-Szemerédi result to list colorings. Yap [11]
showed that for planar graphs with A > 8, the equitable chromatic number
satisfies x=(M) < A. Hanna Furma nczyk [5] discussed vairous graph prod-
ucts. The comb product or rooted product, originally introduced by Godsil
and McKay [3], involves attaching a rooted graph H to every vertex of a base
graph M, and serves as a fertile structure for studying equitable coloring and
related graph invariants.

2 Preliminaries

A Comb Product [3], [1] also called as Rooted Product with a graph 7"
and a rooted graph E’ denoted by T" o E' is a graph formed by taking ‘V(T')}
copies of E' and grafting the m-th copy of E” at the vertex i to the m-th vertex
of T'.

A Path [10], [9] is a finite sequence of vertices and edges that have distinct
end vertices.

A Cycle [10], [9] is a finite sequence of vertices and edges that have common
end vertices.

A Complete Graph [10], [6] is a graph in which each vertex is adjacent
to all other vertices.

Proposition 2.1: For any graph M, x_(M) > x(M) [§]

3 Main results

Theorem 3.1. The equitable coloring of comb product of path P, with path
graph Py is given by,

X=[Pyo Pyl =2; Vg.q =2
Proof. From the definition of comb product, the vertex is defined as follows
V[P, o Pyl = {bg,baa;1 <d < q,1 <d <4}

where by be the nodes of Path Graph (P,) and by be the nodes of Path
Graph (P,). Explicitly, by definition b; and bg have same color since both
are interlinked. We consider by;.

For 1 <d<ygq, 1<d <. In the vertex set byy, if ¢ = 1 mod 2, we
rerun the color sequence (1, 2). Likewise, if ¢ = 0(mod2), we rerun the color
sequence (2, 1) to the vertices byy respectively. An illustration is given in
Figure 1.
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by,(1) by (2) by, (1) _by,(2) bgy(1)
b15(2) baa(1) b35(2) bo(1) b55(2)
by3(1) b,3(2) bs3(1) bs3(2) bs3(1)
b14(2) bas(1) b34(2) by4(1) D54(2)

Figure 1: An example of P50 P,

Hence, if ¢ is even, then each color cropped ¢ times. If ¢ is odd and ¢’ is
even, then the colors cropped {%‘1,—‘ each. And if ¢ is odd and ¢ is odd, then

the color 1 cropped L%{J + 1 and color 2 cropped {‘%IJ. And the absolute

difference between any two color class is either 0 or 1.
Here by, the above coloring strategy gives the upper bound

X=(Pyo Py) <2, Vg,q >2 (1)

By Proposition 2.1, we have
X=(Pgo Py) = x(Pyo Py) =2, VYg,q 22

Therefore the lower bound is given by

X=(Pyo Py) 22, Vq,q >2 (2)
From (1)&(2), we get

X=(P,oPy) =2, VYq,q >2

O

Theorem 3.2. The equitable coloring of comb product of path P, with complete
graph K; s given by,

X=[P,joKi|=t; Vg>2,t>4
Proof. From the definition of comb product, the vertex is defined as follows
VI[P, o Ki| = {bag, hnn; 1 < dyn < q,1 <n' <t}

where b, be the nodes of Path Graph (F,) and h,,, be the nodes of Complete
Graph (K).

Explicitly, by definition b; and h,; have same color since both are inter-
linked. We consider h,,;.
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hy, (1) hy,(2) hae(1) hy,(2) hsy(1)

h,,(2) hyo(3) hay(2) hyo(3) hso(2)

hy4(4) hos(1) hy4(4) hy4(1) hg4(4)

hy3(3) hya(4) has(3) hy34) hs3(3)

Figure 2: An example of P50 Ky

For 1 <n <gq, 1 <n' <t In the vertex set hy,, if n = 1(mod2), we
rerun the color sequence (1, 2,..., t) to the vertices. Likewise, if n = 0(mod?2),
we rerun the color sequence (2, 3, 4,...,t, 1) to the vertices h,,s respectively.
An illustration is given in Figure 3.

Hence, each color cropped ¢ times. And the absolute difference between
any two color class is either 0 or 1.

Here by, the above coloring strategy gives the upper bound

X=(PjoK;) <t, VYg>2.t>4 (3)

By Proposition 2.1, we have
X=(PjoKy) > x(PyoK)=t, Vg>2,t>4

Therefore, the lower bound is given by

X=(PyjoK;) >t, Yg>2,t>4 (4)
From (3)&(4), we get

X=(P,oKy)=t, Vg>2,t>4

O

Theorem 3.3. The equitable coloring of comb product of complete K; with
path graph Py is given by,

X=[KioPl=1t; VYg>2,t>3
Proof. From the definition of comb product, the vertex is defined as follows
V[Ktopq] = {hnabdd’;l < n,dS t,1 < d < Q}

where h,, be the nodes of Complete Graph (K;) and bsy be the nodes of Path
Graph (F,).

Explicitly, by definition h, and bg; have same color since both are inter-
linked. We consider by;.

For1<d<t1<d <gq. Ifd =1(mod2) we assign the color sequence (1,
2,..., t) to the vertices byy; if d = 0(mod2) we assign the color sequence (2, 3,
4,...,t, 1) to bger. Each color is cropped ¢ times. And the absolute difference
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between any two color class is either 0 or 1.
Here by, the above coloring strategy gives the upper bound

X=(KioP) <t, Yg>2,t>3 (5)

By Proposition 2.1, we have
X=(KioP) > x(K;oP)=t, V¢g>2,t>3

Therefore, the lower bound is given by

X=(KioP) >t VYg>2,t>3 (6)
From (5)&(6), we get

X=(K;oP)=t, V¢g>2,t>3

O

Theorem 3.4. The equitable coloring of comb product of complete K; with
complete graph Ky is given by,

toaft <t

, where t, t' > 3.
t' otherwise

X=|K; o Ky| = {

Proof. From the definition of comb product, the vertex is defined as follows
V[Kt © Kt’] = {hnahnn’; I<n< t, 1< n' < t/}

where h,, be the nodes of Complete Graph (K;) and h,, be the nodes of
Complete Graph (Ky).

Explicitly, by definition h,, and h,; have same color since both are inter-
linked. We consider h,;.
Case 1: If ¢/ < t

For 1 < n <t. We assign the color sequence (1,2,...,t) to h,1; to hye,
we assign the sequence (2,3,...,t,1); to h,s3, the sequence (3,4,...,t,1,2);
and we continue similarly, so that for h,y, the assigned color sequence is (t —
Lt 1,....t—2).
Case 2: Ift' > ¢

For 1 < n <t 1 <n <t. We assign the color sequence (1,2,...,t)
to Ay, to hg,, we assign the sequence (2,3,...,t,1); to hs,, the sequence
(3,4,...,t,1,2); and continuing similarly, for hy,, we assign the sequence
(t,t+1,...,t,1,2,...,t = 1) if (¢ > t) and if (" = t) we assign the color
sequence t,1,2,...,t — 1 to vertices My, .
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The absolute difference between any two color class is either 1 or 0. Here
by, the above coloring strategy gives the upper bound

t'  otherwise

t ift <t
X=(K; o Ky) < ! ' where t,t > 3. (7)
t'  otherwise
By Proposition 2.1, we have
t i <t ,
X=(K;o Ky) > x(K;o0 Ky) = where ¢,t" > 3.

Therefore, the lower bound is given by

t ift <t,

X=(K; o Ky) > ! i where t, ¢ > 3. (8)
t'  otherwise

From (7)&(8), we get

t it <t

X=(K;o Ky) = ! ’ where t,t' > 3.
t'  otherwise

L]

Theorem 3.5. The equitable coloring of comb product of cycle C,. with cycle
graph Cy. is given by,

2 if r’is even i
if ris even
X=[C; 0 Cp] = 3 ifr’is odd where r > 3,17 > 4.
3 if ris odd

Proof. From the definition of comb product, the vertex is defined as follows
VIC, 0 Co] = {gm, grums 1 Sm <1 <m/ < '}

where g,,, be the nodes of Cycle Graph (C,) and g,,,» be the nodes of Cycle
Graph (Cy).

Explicitly, by definition g,, and g,,; have same color since both are inter-
linked. We consider g,,;.
Case 1: If r is odd

For 1 <m<r,1<m' <7 —1. Form = 1(mod3) and if 1 <m <r—1,
we rerun the color sequence (1,2,3) to gy And if (m =17) A (m = 1(mod3))
then we give the color sequence (2,3,1) to gym. For m = 2(mod3), we assign
the color sequence (2,3,1) to gmm/. And for m = 0(mod3), we rerun the color
(3,1,2) t0 G-
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For m' = &1 < m < r. For m" = 1,2(mod3), then the vertex g, will
have the same color as g,,2. For m" = 0(mod3), then the vertex g, will have
the same color as g,s.

Case 2: If r is even
Sub case 1: If ' = 0(mod2)
For1<m<r,1<m' <7

For m = 1(mod2), we assign the color sequence (1,2) to g while the
other case m = 0(mod2), we have the color sequence (2,1) to the vertices
Imm/’ -

Sub case 2: If ' = 1(mod2)

For 1 <m <r1<m <7 —1. Form = 1(mod3) and if 1 < m < r —1,
we rerun the color sequence (1,2,3) to gpms. And if (m =) A (m = 1(mod3))
then we give the color sequence (2,3,1) to gym. For m = 2(mod3), we assign
the color sequence (2,3,1) t0 gmm/. And for m = 0(mod3), we rerun the color
(3,1,2) to Imm/ -

For m' =" &1 <m <r. For m’' = 1,2(mod3), then the vertex g,,,» will have
the same color as g,,2. For m’ = 0(mod3), then the vertex g, will have the
same color as g,,3.

The absolute difference between any two color class is either 1 or 0. Here
by, the above coloring strategy gives the upper bound

2 ifr’ is even o
o if r is even ,
X=(CroC) < 3 ifr’is odd where r > 3,7 > 4. (9)
3 if r is odd
By Proposition 2.1, we have
2 if r’ is even £
if r is even
X=(CroCyr) > x(CroCh) = 3 ifr’ is odd where r > 3,7 > 4.
3 if r is odd

Therefore, the lower bound is given by

2 if r’ is even .

_ ] if r is even ,
X=(CroCn) > 3 ifr’is odd where r > 3,1 > 4.
3 if r is odd
(10)

From (9)&(10), we get

2 ifr’ is even .

] _ if r is even ,
X=(CroCp) = 3 ifr’is odd where r > 3,1 > 4.
3 if r is odd
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Theorem 3.6. The equitable coloring of comb product of cycle C, with path
graph P, 1s given by,

2 if ris even

oo where,r > 3,q > 2
3 ifris odd

X=[CTOP11] = {

Proof. From the definition of comb product, the vertex is defined as follows
V[OTOPQ] = {gmabdd’;l < mvdé ryl < d < Q}

where g,,, be the nodes of Cycle Graph (C,) and by be the nodes of Path
Graph P,.

Explicitly, by definition g,, and by have same color since both are inter-
linked. We consider by .
Case 1: If r is odd
Sub case 1: If ¢ < 4

For 1 <d<r—1,1<d < 3. We assign the color sequence (1,2,3) for
the vertices bgy; for bg we assign (2,3,1); for by3 we assign the color sequence
(3,1,2) respectively.

Ford=r1<d <3. Ifd= 1,2 mod 3 we assign the color sequence (2,3,1)
to the vertices b.o. And if d = 0 mod 3, we assign the color sequence (3,1,2)
to b.¢. An illustration is given in Figure 3.

Figure 3: An example of C5 0 P;

Sub case 2: If g > 5For1 <d<nr,1<d <gqg—-1. Ford =
I(mod3) and 1 < d < r — 1, we rerun the color sequence (1,2,3) to bge. And
if (d = 17r)A (d = 1(mod3)) then we give the color sequence (2,3,1) to by
respectively. For d = 2(mod3), we assign the color sequence (2,3,1) to bgq.
And for d = 0(mod3), we rerun the color (3,1,2) to byg .

For 1 <d <r,d =q. For d = 1,2(mod3), then the vertex bgy will have
the same color as in bgy. And if d = 0(mod3), then the vertex bgy will have
the same color as in bys.

Case 2: If r is even
Sub case 1: If ¢ = 0(mod2)



Comb Graph Product... 91

For 1 < d < r&l < d < g For d = 1(mod2), we assign the color
sequence (1,2) to by while the other case d = 0(mod2), we have the color
sequence (2,1) to the vertices bgq .

Sub case 2: If ¢ = 1(mod?2)

For1<d<nr1<d<gqg—1 Ifd=1(mod3)and 1 <d <r—1, we
rerun the color sequence (1,2,3) to bgy. If (d =7) A (d = 1(mod3)), the vertex
baar will have the color sequence (2,3,1). If d = 2(mod3), we rerun the color
sequence (2,3,1) to bge. If d = 0(mod3), we rerun the color sequence (3,2,1)
to bdd’-

For d =qg&l1 <d<r

If d = 1,2(mod3), then the vertex byy will have the same color as vertex
baz. If d = 0(mod3), then the vertex byy will have the same color as vertex
bdg.

The absolute difference between any two color class is either 1 or 0. Here
by, the above coloring strategy gives the upper bound

2 ifri
x=(C, o P) < 1 ' %s even where,r > 3,q > 2 (11)
3 ifrisodd

By Proposition 2.1, we have

2 ifri
X=(Cy o FPy) > x(C, 0o P)) = l ' %s even where,r > 3,q > 2
3 ifrisodd

Therefore, the lower bound is given by

2 ifri
oy {2 IR sy
3 ifrisodd

From (11)&(12), we get

2 if ris even

(C.oP) =
X=(Cro Fy) {3 if 1 is odd

]

Theorem 3.7. The equitable coloring of comb product of path P, with cycle
graph C.. is given by,

2 if ris even

T where,r > 4,q > 2
3 ifris odd

X=[Fy0C] = {
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Proof. From the definition of comb product, the vertex is defined as follows
V[PqOOT] = {bdagmm’;l S m7d S q’l S ml S T}

where b; be the nodes of Path Graph (P,;) and ¢,,,» be the nodes of Cycle
Graph (C,).

Explicitly, by definition b; and g,,; have same color since both are inter-
linked. We consider g,,;.

Case 1: If ¢ is odd

For1<m <gq,1<m’<r—1 Form=1(mod3) and if 1 <m < ¢ —1,
we rerun the color sequence (1,2,3) t0 G- And if (m = q) Am = 1(mod3)
then we give the color sequence (2,3,1) to gym. For m = 2(mod3), we assign
the color sequence (2,3,1) t0 gy And for m = 0(mod3), we rerun the color
(3,1,2) to G-

For m' = r&1 < m < ¢q. For m’ = 1,2(mod3), then the vertex g,,, will
have the same color as g,,2. For m’ = 0(mod3), then the vertex g,,, will have
the same color as g,s.

Case 2: If g is even
Sub case 1: If r = 0(mod2)

For 1 <m < ¢,1 <m' <r. For m = 1(mod2), we assign the color
sequence (1,2) t0 g while the other case m = 0(mod2), we have the color
sequence (2,1) to the vertices g
Sub case 2: If r = 1(mod2)

For 1 <m <q,1<m’<r—1. Form=1(mod3) and if 1 <m < ¢q—1,
we rerun the color sequence (1,2,3) t0 gmmy. And if m = ¢ Am = 1(mod3)
then we give the color sequence (2,3,1) to gpny. For m = 2(mod3), we assign
the color sequence (2,3,1) t0 gmm. And for m = 0(mod3), we rerun the color
(3,1,2) to Jmm/’ -

For m' = r &1 < m < ¢q. For m’ = 1,2(mod3), then the vertex g,,,,» will
have the same color as g,,2. For m’ = 0(mod 3), then the vertex g, will have
the same color as g,,3.

The absolute difference between any two color class is either 1 or 0. Here
by, the above coloring strategy gives the upper bound

2 ifri
Xo(ProC <3 TP here,r > 4, > 2 (13)
3 ifrisodd
By Proposition 2.1, we have
2 ifri
X=(PyoCy) > x(PyoCy) = 1 I"?S eren where,r > 4,q > 2
3 ifrisodd

Therefore, the lower bound is given by

2 ifri
No(Pyo Gy >4 TS e > 4,9 > 2 (14)
3 ifrisodd
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From (13)&(14), we get

2 if ris even
_(P,0C,) = here,r > 4,q > 2
X=(Pyo C) {3 ifrisodq rerer=9Sd

4 QObservation

In general, comb graph product of any two graphs are not commutative. But
applying a function like equitable coloring to comb graph product, we procured
the results are commutative in nature.

5 Open Problem

This work can be extended to more complex graphs such as wheel, helm, and
closed helm graphs. Due to their unique structural characteristics, analyzing
the equitable coloring of their comb products poses several open problems. In
particular, determining tight bounds or exact values of the equitable chromatic
number for these graph products remains an open and challenging area for
further research.
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