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Abstract
In this paper, we study the existence and uniqueness of the
initial and boundary value problem for a class of higher order
semilinear hyperbolic partial differential equations with damp-
ing term. Based on priori estimates of solution we proved the
existence of the weak solution in the form of Fourier series
under suitable conditions. For this purpose Picard’s succes-
sive approximation method was used. Furthermore we proved

the uniqueness of the weak solution.
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1 Introduction

In this paper, we examine the existence of a solution to the following initial
and boundary value problem

5%u a%u an—i—lu
+ ( )a8x2k+( ) € HEm gy fla,t,u), (x,t) € {0<z<m 0<t<T},
(1)
w(z,0) =0, w(z,0)=0,0<z<m, (2)
0?u(0,t)  0%u(rm,t)
o2 op2

=0,1=01,2,... k-1, 0<t<T,
(3)
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where £ > 1 and m > 0 (k > m) are natural numbers and 7" > 0 is a real
number, ¢ > 0 is a parameter to be determined later, f(x,t,u) is a given
function defined in  x (—o0, c0), and u = u(x,t) is a solution to the problem.

It is known that in the case of f(x,t,u) = F(z,t), the problem with the
non-homogeneous equation with homogeneous initial or boundary conditions
will turn into a problem with homogeneous equations and non-homogeneous
initial or boundary conditions, and also if the non-homogeneous equation is
given with non-homogeneous initial or boundary conditions, the problem will
turn into these two cases. The method of separation of variables is widely
used together with the principle of linear combination to solve these problems.
This method is also known as the Fourier series method or the eigenfunction
expansion method [1].

Baouendi and Grisvard showed that the boundary value problem for the
differential equation z%% + (—1)" gi?,ff = F(x,t) has a unique solution [2].

Amanov and Ashyralyev showed the solvability of the initial and boundary
value problems and the boundary value problem for the differential equation
Oy ‘?;Té‘ = F(x,t) [3]. They established the well-posedness of the problem

92k
depends on the evenness and oddness of the number k.

Amanov showed that the initial and boundary value problem for the dif-

ferential equation ¢™ gi’;}j + (-1 9u — F(z,t) has a unique solution [4].

In the references [5] and [6] it is showed that the initial and periodic bound-

ary value problem for the differential equations 2% — a2% = f(z,t,u) and

t
ou 20%u Bu : : :
5058 —Eaag = [ (x,t,u) have unique solutions respectively.

Yuldasheva showed the unique solvability of the problem with boundary
conditions with respect to ¢t and periodic boundary conditions with respect to
a for the differential equation 2% — azgi% = f(z,t,u) [8].

Tantas and Polat showed that the initial and boundary value problem for
’Eh]e differential equation %% + (=1)F¢m g;}j = f(x,t,u) has a unique solution
7|.

2m—+1

Since the case of ——— and f(x,t,u) is considered in our current equa-

tion, it is clear that it generalizes some of the studies given above. After giving
the weak solution in the form of a Fourier series containing the eigenfunctions
obtained from the eigenvalue problem related to the current problem, the uni-
form convergence of the series related to the solution generated by Picard
successive approximations is shown. In addition, the uniqueness of the weak
solution is proven.

Definition 1.1 A function v(z,t) € C(2) is called a test function if it

has continuous partial derivatives involved in equation (1) and it satisfies the
ov(x, T)  9"™v(x,T) 0
o Jam

boundary conditions in (3) and v(z,T) =
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Definition 1.2 The function u(z,t) € C(Q) that satisfies the following inte-
gral equation for an arbitrary test function v(x,t) is called a weak solution of
the problem (1)-(3):

{(a? L o a2kv a2m+1v

BT + (—1)"a FreTie (—1)m25m) u— f(x,t,u)'u] drdt = 0. (4)

Using the weak solution in the form of Fourier series, we obtain an infi-
nite number of nonlinear integral equations for the Fourier series coefficients
from problems (1)-(3). The space in which the Fourier series coefficients are
solutions is defined and the appropriate norm is given.

Definition 1.3 Let By denote the set of continuous functions which are Fourier

coefficients
{a(t)} = {u1,ug, ..., up, ...}
in the interval [0,T] that satisfy the condition

o0

max |u,(t)| < oco.
0<t<T
n=1

Let the norm in By be defined as follows:

o0

LOIEDIFIEAACIE

Clearly, Br is a Banach space.

2 Solution to the Problem

Let’s look for the weak solution of the problem (1)-(3) in the form
= Zun(t) sin nx, (5)
n=1

where u,(t), (n = 1,00) is the unknown function. To find it, the following
integral equation is obtained under the condition A = 4 (&2 4m —a’n®) <0
using equation (4):

Up (t) =

t7r a(t T) . . .
g <§ T, Zun ) sin n§> sin B (t — 7) sinn&dédr,  (6)

where o = —en?™ and 8 = Va2n2k — 2pim,
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Theorem 2.1 Under the following conditions, equation (6) admits a unique

solution in Brp:
1) e < \/Link—%n’ B
2) f(x,t,u) is continuous with respect to all variables in 2 x R,

3) |f(x,t,u) — f(z,t,v)] < b(x,t)|u—v|, bz, t) >0 ve b(z,t) € La(2),
4) f(x,t,0) € Lao(Q).

Lemma 2.2 Under the conditions of Theorem 1, equation (6) has at least one
solution in Brp.

Proof. If we apply the method of successive approximations, for equation
(6) where N = 1,00, we get the following sequence

2! .
uNtD () = — Tt f (5, T, ZugN)(T) sin nf) sin 3 (t — 7) sin n&d&dr.
0 n=1

B
§ )
For simplicity let Au®™ (&, 7) = S ul™ (7)sin né and
n=1

{E(N) (t)} = {ugN) (t),ugN) (t), ..., u%N)(t), } Clearly we have

N N —(N
OrélTaSXT |Au( )<€77—)’ < _IO?TaSXT |u$l )(7—){ - Hu( )(T)HBT' <8)
Now we want to show that @™ (¢) € Br for all N, i.e. Zor?ixT ul! )(t)‘ <
0. nrEe
According to the conditions in Theorem 1, it is clear that
7(0) — (0) —
|2 @) _1021%)%‘% (t)] =0 < oc.
For N =0 in (7), we have
2 t
ug)(t) = B_ gea(t_T)f (5, 7, Aul® (&, 7')) sin 3 (t — 7) sin n&d&dr.
To

If Cauchy’s inequality is applied with respect to 7, we get
2 1
‘US) (t)‘ < Br (Beza(t#)dT) 2 (6[5 /(& 7,0)sin néde)? dr)
1
2

1 \: [, [2" , 2
< <—2aﬁ2> (0 |:%Of(§,7', 0) Smnﬁdﬁ} dT)

1 L , 2 \?
S (W) (0 |:;Of(§,7', O) smnfdf} d’T) .

D=
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By summing over n and applying Holder’s inequality

00 00 1 % oo t 27 2 2
Z ‘u%l)(t)} < <ZW> <Z me(f,T 0) smnfdf} )
n=1 n=1

n=1q

e —

is obtained. By applying Bessel’s mequahty we get

Zluﬁf 7 (”—) ( f:f (&, 0>d5d7)§.

u(0)] < (522)

[NIES

N

Thus, |[a®(t) HBT = Z max

10<t<T

167,00y 0
- (38(12) M, < oo.

For N =1 in (7), we have

W) = 5%;0 ) (¢.7, AuV (¢,7)) sin B (¢ — 7) sin nédédr.
= %;eg‘“‘ﬂ” (f (&7, AuD (&,7)) — f(&,7,0) + f(£,7,0)) sin B (t — 7) sinnédédr.
If Cauchy’s inequality is applied with respect to 7, we get
O] < 2 (e Tar)* (47 (7 (67 A (€)= F (€7,0))sinnede]” )
+ B% (se2¢7dr)* (4[5S (€,7,0) sinngdg]? dr)

N

g(ﬁ) (o{Qﬂ(f(fETAu <£,r>)—f(é,r,0>)sinn§d§rdT>

70

1 % . om . 2 %
+(W) 0{;0f(f,770)81nn§d§} dr | .

By summing over n and applying Holder’s inequality
o0 o0 1 % o0 2ﬂ. 2
Z |u7(12 < E (Zﬁ) (62 [7?0 (f (§ T, AulV (¢, 7')) — [, O)) sinn{fd{} dT)
1 e o] 1 % e o] 271. 2 %
+ s ( —2> (62 |:;0f(§,’7', 0) sin nﬁd&} dT)

N
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is obtained. If Bessel inequality and the Lipschitz condition is applied, we get

i(u%)!si(g) (82, (7 (o aut® (6,7))—f(§,f,0))2d§d7)%

— ca To
1 (\% (27, :
+ @ (E) (O%Of (£,7', 0)d£d7’)

< (525)" (t50* (€.m) 4w (.7 dng) +(355)" (G rae m0dgar)?

3e
T

N= N

Eq
;)" (326 7, 0)dgdr)
)2 700, 15 ) ey

Hu“) Mgy Mz + (22)* s < o

3ea?

WQYHﬁmeﬁgmﬁgfdwT%+<

Thus, [[70)], = > ma

10<t<T

1F(& 7,01, <

n ‘

+
—~
:;
\_/
=

For N =2 in (7), we have

t

u®(t) = 2 relt=m) f (&, Au® (€, 7)) sin 8 (t — 7) sin néd¢dr.

By
52 a(t ) (f (577., Au® (5’7-)) — f(&T,0)+ f(&T, O)) sin 3 (t — 1) sin n&d&dr.

If Cauchy’s inequality is applied with respect to 7, we get

1

RO (ﬁ) ( 2 (i (6m) - F670) sinn£d§]2d7> §

™o

1 % ; om . 2
T (W) 0 [;Of(fm 0) smnfdf] dr

By summing over n and applying Holder’s inequality

=

[e.9]

Z |u7(13 \/_L (Z—) ( Z [ f (& Au® & 7)) — f(&7,0) sinné—“d{} dT)
1

n=1

5 (5 (S [Eremvmad )

n

N|=

N
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is obtained. If Bessel inequality and the Lipschitz condition is applied, we get

1

E;WP@MS;%z<%) (42 (7 (6 au (6,7) = F(€7,0))" dear )

™0

() ()
< () (e o i)+ (i)

N|—=

S

(b7 f2(€, 7, 0)dedr)

: ; % ;
< ()" 70, 5502 €7 dcar) + (575) 7 (6o Opear)
> 1
Thus, [#9®)|5, = > mex 0] < (2) E20] 5, 106 e +

(357;,2)§ ||f(§ Ty 0)||L2(Q)
< (35a2) HU )||BT M; + (35%)§ M, < oo.

Let’s show its truth for each N by induction:

2 t)”BT Z max

10<¢<T

For N = k—11in (7),

u(0)] < () [700)| 5, Me (7)

1
+ (5Z5)* M; (1) < 00 be correct.

3eca?

For N =k in (7), we have

u(t) = ﬁ—zwtgeo‘(t T (&, Au® (¢, 7)) sin 8 (t — 7) sinnéd&dr.
0
t
52 c=Dm (1 (€7, Au®) (€,7)) = f(£,7,0) + f(£,7,0)) sin B (t — 7) sin nédedr.
o

If Cauchy’s inequality is applied with respect to 7, we get

1 - 2
|u1(1k+1)(t)‘ < (m) (0 {2 (f (&7, Au k) (¢, 7)) — f(£,7,0)) sinn{df} dT)

(SIS

70

1 % 9™ 2 %
+(W> (6 [;Of(&ﬂo)sinnédé] dT) :

By summing over n and applying Holder’s inequality

o) o0 % o0 T 2
Z [ ()| < % (Z%) (g Eo (f (&7, Au®) (&,7)) — f (& 7,0)) sinnﬁdﬁ} dT>
n=1
1 0 1 % . 0 9 . 2 %
+ N Zﬁ OZ {;Of(f, 7,0) sin nﬁdf} dr

1
2
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is obtained. If Bessel inequality and the Lipschitz condition is applied, we get

N|=

f: |uft 0 () T (W—Q) <027r (f (& m Au® (&,7)) — F (& T, O))Qdde)

™o

1 (72\2 [, 2" :
+ E (€> (O%sz(fﬂ', O)dde)

S( ™ >5<63b2 7) [Aut® (€, 7)] dng) +<3 2>§(M 2(5,70)d§d7)%

VIR0, (5 € dean)t + (z5) i

2(¢,7,0)dEdr)?

1
Thus, |[@**V )|, = Zgg% 22)2 @R Ol 5, 166, Dl 0

+(357:12) ||f(§’7—’0)||L2(Q) S (3€a2 ||U )HBT M2 + (357:12)2M1 < 0.
Then u™N)(t) € By.

nk+1)(t)’ <(

[NIES

Now, let us show that the sequence{u™ (¢)} is uniformly convergent in By
as N —» oo. For this, it is sufficient to show that the series

) + Z @V (1) — 7™ (1))
N=0

is uniformly convergent. First, we want to obtain estimates for the differences
@ o(t) =M ().

It is clear that

[z () _ﬂ(o)(t)HBT = 2_max [ul(t) — ul(t)| = Orgtag% [ull ()| < (3;2)5 M, = Ap < 0.
n=1
We have
t
W@ (1) — (1) < ;ﬂ cm F (€, AuY (€,7)) — £ (€,7,0)||sinné] dedr.
0

If Cauchy’s inequality is applied with respect to 7, we get

N
-

7o

|u512)(t) —uﬁll)(t)‘ < (W) (0 [2“ (f (&, Au (¢, 7)) — f (£, 7,0)) sinnfdf} dT) .
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By summing over n and applying Holder’s inequality

2 [w2(0) —ud0] < o (ii) '
<BZ [%: (f (& Au® (& 7)) — f(&7,0) sinnﬁdﬁ} dr)

R

[N

is obtained. If Bessel inequality and the Lipschitz condition is applied, we get

o) ﬂ—z i} 2 %
Z|ug2)(t)—u§ll)(t)\§%(ﬁ> (oio (f (&7 Au (&,7)) = f (£.7.0)) dng)
n=1
< (%) e
< (5ma)" T, (38° (6.7) dedr)?
Thus, |[7®)(2) — 7 ()HBT_Zl(}?iXT D) = (0] < (2)* 17O, 1 D 110

We have

|u(3)(t) — uf)(t)’ < i et=T)m |f (f,T, Au(2)( ,7')) —f (5,7’, Ay (5,7'))| |sin n&| ddr.

n

If Cauchy’s inequality is applied with respect to 7, we get

{u(?’) (t) — u(2)(t)‘

n n

< (W) (0 [ZW (f (6,7, Au? (&,7)) — £ (&7 AV (&,7))) sinn&d{} d7>

[SIE
=

™o

By summing over n and applying Holder’s inequality

[e.9]

Do a0 =)

1

o Oo_ too 2“ 7, Au® (¢,7)) — 7, AuM (€, 7))) sinn 27
\/_ (Zm) <on { f & AP (7)) = f (&7, AV (€,7))) fdf] d)

1
2
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is obtained. If Bessel inequality and the Lipschitz condition is applied, we get

S ) - )
n=1
<= (5) (5 Au® Au® ? gear)”
= Vea (E) (0;0 (f (&7 AU (&,7)) — [ (&7 AulV) (€,7))) " dg T)
< (5)" (5507 €7) | 4u® (€.r) — Aul) (&) )
< (52) (50 €0 [a® @) —a e dear)”
1 1 ) 5 %
= (3;2)2 (63[72 (&7) {(3:(12)2 Hﬂ(l)(t)”BT (550° (fbﬁ)dﬁdﬂ)Q} dde)
T \31 .
< (35@2) | Ap (5507 (&, 7) (3507 (&1, 1) d&admy) dédr)®
7T %-2 1 tm 2 %
= (35@2) ] ATﬁ [(00b2 (fvT)dde)]
™ %_2 1 . 1 2
= (35@2) Ar 7 [(oon(faT)dde) ] .
s, [70) =70, = 3% gma, [u10) ~ 20| < ()] e 066 7

Let’s show its truth for each N by induction:

—k (k1 S| (k) (k1) ks !
For N = k-1, [a®(t) —a*D(t)| = 3 |un’(t) — un (t)‘ < [(3;2)2] Ar oy
n=1 -

(brv? (&, 7) dde)%be correct. From here we get

o0

o) = w005, = 2o e 0) — wi0)

n=1
<[(Z)'] A I iy
= 3ca2 (/{: — 1)! ) L2(2)

17 k—1
T \2 1 (k—1)
< |(-= S :
= [<3aa2> } Ar (k—l)!M2 =

S
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For N = k, we have

t
S -
By

If Cauchy’s inequality is applied with respect to 7, we get

|U(k+1)(t) . u(kz) (t)‘

n n

o (& Au® (&) — f (&7, Aul T (€, 7)) | Isinng| ddr.

|u<k+1)(t) . u(k) (t)l

n n

< <;> <0 [T (f (&7 Au® (&,7)) — f (&, 7, AuF (f,T)))SinnfdfrdT>

8&2 n2k+2m To

NI

By summing over n and applying Holder’s inequality

oo

Z |u$lk+1)(t) _ uglk) (t)l
< <2n> <°Z 20 (A (6,7) = £ (6 A (6. 7) s dT)

=1

1
2

is obtained. If Bessel inequality and the Lipschitz condition is applied, we get

(S

1
2

1 N
ATW (63[72 (&, 7) (5o (&1, 70) dadm )" dfd7>

N
—

s

r——— ﬁ 7= [ 6.y acar) ']

% (W o { ()] A (7 6.7 dsdf)kgl}Q dfdf)
|
@) |

N

"

001 1,
< [<3€a2> } Ar e [(Ogb (€,7) dédr)
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17k
_ _ k k T\
Thus, ||[a®+) () — 70t w1 — up(t)‘ < [(357)2] Ar ||b(§,7)||’;2(9)

11k
< [(L) 2} AT\/LHMéC < 00. From here it is obvious that

3ea?

Iy = 5 o
T 0<i<T

N 0o k
1
—(N+1) _(0) (k+1 —(k; < < > ME
" 0+ (@ <3 |(52)'] A
k=0 k=0
The uniform convergence of the sequence {H } in By is obtained from

1
the convergence of the series Z [(3€a2)2] Ap—-= f . As a result, the series
k_

O (f) + Z (@D (t) —a™M(t)) is uniformly convergent.

Let A}lm aV*(t) = wu(t). Since the sequence {u™(¢)} is uniformly con-

vergent, the function u(t) is continuous in By. Let us show that the function
u(t) satisfies the integral equation (6):

We have
|ﬂ N+1 | _ Z ‘u N+1)<t)‘
< Z BWO (f T, Au (&,7)) — f (f,T, Ay (f,T))’ |sin n&| ddr.

If Cauchy’s inequality is applied with respect to 7, we get
ja(t) —a ()|

S 1
<3 (i) |

By applying Holder’s inequality

NI
-

t
07T0

[zw (f &1 Au(&, 7)) — f (5,7', Ay (5,7))) sinn{df} dT) )

ja(t) — @™ ()]

%<2—> (6 { 577714“(5»7))—f(f,T,Au(N)(f,T)))sinnfd&] d¢>

1
2
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is obtained. If Bessel inequality and the Lipschitz condition is applied, we get

[NIES

e \5) Ur
: (3;2);(6362 (5’7>|Au(§m — Aut™ (¢,7))| d5d7>é
= (?,:a?)é (550 (€. 7) [at) — 7™ () dfdr)é
< () o) T 0, (5 €. ).

If we show that lim lim |[u(t) —E(N)(t)HB = 0, it follows that the func-
N—o0 T

tion w(t) satisfies the integral equation (6). If Cauchy’s inequality, Holder’s
inequality, Bessel’s inequality and Lipschitz’s condition are applied, then

|ﬂ N—H) ‘ _ Z |Un (N+1 t)‘

Szi T F (& Au(€,m)) — f (€7 Au™) (€, 7)) | sinng| dédr

n=1 BT(O

oo 1 - ) %
< Z (W) (0 [72“) (f (& Au(& ) — f (&, Au™ (¢, 7)) sinn§d§} dr)

n=1

o0 1 1 27r , %
+ ; (W) (o [7?0 (f (& Au™+D (¢, 7)) = (&, Ay (&7)) sinnfdf] d7>

1
2
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-

NI

@™ (1) —a™(1) |2 dagr) :

< (555) " I — a0, (G0 (&) dedr)*
+ () [0 30, (60* (6,7 der)

@@ =@ W), < (55) " [ = 7D 5, 1667 1,00

1 17N
+(5m) | G)] A 1o 16 T

3 _ T \2 1
J(6) 50|, Mo+ (5055) Ar b2

N

T \3 . . T \3 [(%)5 MQ}
< ( )2 M, Hu(t) - U(NJFI)(t)HBT + (35a2> ) M2ATT
= 0. Thus, it is shown that the function

It is clear that A}l_r}I(l)o () —a™(t) HBT

u(t) satisfies the integral equation (6).

Lemma 2.3 Under the conditions of Theorem 1, equation (6) has at most
one solution in Brp.

Proof. To show the uniqueness of the solution, let us assume that v(t) is
another solution. We want to obtain an estimate for [u(t) — v(¢)|:

If Cauchy’s inequality, Holder’s inequality, Bessel’s inequality and Lips-
chitz’s condition are applied, then

| |_Z|un _Un
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< Z % eg(t_T)” lf (& Au (&, 1)) — f(& 7, Av (&, 7)) |sinné| dédT

0

3
Il
—

B
3 () (6 2 (e Aulen) - 16 m Ao <5,T>>>sinn5d5rd7)

Jun

is obtained. From here we get

™

[76) = 5Ol < (53) " 170 = TOll g 106 7)1

< (525) Ila() = 9@l Mo

3ea?

— (Z5)" M2 ) — ot0) 5,

3ea?

NI

-

It is clear that [[u(t) —v(t)||5, = 0. Thus, u(t) = v(t) and u,(t) = va(t),
(n =1, oo) This result can also be obtained by applying Gronwall’s inequality

to the inequality [u(t) —o(t)] < ( L )% (631)2 (&, 7) [u(t) — @(t)|2 dng)% In

3ea?
other words, it was shown that the solution of the integral equation (6) is

unique.

Proof of Theorem 1. From Lemma 1 and Lemma 2, equation (6) has a
unique solution. Thus, the theorem is proved.

Theorem 2.4 Under the conditions of Theorem 1, the problem (1)-(3) has a
unique weak solution represented by the uniformly convergent series of (5).

Proof. The series (5) constructed using the solution of equation (6) is

continuous since it is uniformly convergent. Let the sequence of partial sums
of the series (5) be defined as follows:

!
upy (e, t) = Z up(t) sinne.
n=1

N[

[NIES
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From Teorem 1 and limugy(z,t) = u(x,t), limf (z,t,ugy(z,t)) = f(z,t,u(z,1)).

l—00
Let

321) anU 82m+1v
Kﬁ + (=D*a 2(9 T (—1)m25m) u@y — flz, t,ug)v ] dxdt

be defined. We want to show that llim S; = 0. By using partial integration
—00
repeatedly,

[8152 (Z U (t smng;> + (—1)’“@2 (Z un(t)(—l)kn% sinm:)

n=1

l
+(—1)m25% (Z U () (=1)™n>™ sinnx) —f (x,t,u(l))] vdxdt

[8152 (Z wn (t smn:c) + (—1)ka25722k (Z Un (1) sinm:)

n=1

H2m+1 l .
Or2mot ;un(t> sinnz | — f («T t,u l)) vdxdt

a2m+l

ox2mot

+(=1)"2¢

82 82k
=0 0 (—Um + (1) a® s—rug) + (—1)"2

ot? Ox?k ugy = f (37,15, U(z))) vdxdt

is obtained. From here we get

. 52 L o 82k o?m+1
llggosl =0 0 (ﬁu + (—1)%a @5 + (—1)™2¢ €l T f (a:,t,u)) vdzdt.
From equation (1), we have
l—o0

Thus, the function u(x, t) = > 7 u,(t) sinnx is a weak solution of the problem
(1)-(3). The theorem is proved.

3 Open Problem

We examined the existence and uniqueness of the initial and boundary value
problem (1)-(3). Under the conditions in the theorem, existence and unique-
ness are proven to be valid for every bounded T, that is, global existence and
uniqueness. Similar studies can be done for the boundary value problem to
the equation considered. Moreover stability of the problem can be studied.
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