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1 Introduction

The inequalities of arithmetic sequence are an interesting research topic. Re-
cently, in reference [1], the authors discussed the Nesbitt-type inequalities of
the general term and the sum of the first n terms of arithmetic sequence. Be-
fore the discussion, it is necessary to extend the definition of the arithmetic
sequence. Suppose an is an arithmetic sequence with the first term a1 and
the common difference d. On this basis, it is stipulated that n can take any
real number, and the corresponding forms of its general term formula and the
formula for the sum of the first n terms can be written similarly. Such a se-
quence can be called a generalized arithmetic sequence. The extension of the
geometric sequence is similar.

As is well known, the Nesbitt inequality is an extremely important inequal-
ity in algebraic inequalities, and its form can be described as: when a, b, c are
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positive numbers, the following holds

a

b+ c
+

b

c+ a
+

c

a+ b
≥ 3

2
. (1)

In September 2022, M. Afifurrahman[[2]] proposed a problem 4764 in the
9th issue of the Crux Math.: Let an be an arithmetic sequence with the first
term a1 and the common difference d. Then, for any p, q, r ∈ N+, the following
holds

a2p
aq+r

+
a2q
ar+p

+
a2r
ap+q

≥ 3. (2)

Next, we examine some similar Nesbitt-type algebraic inequalities.

2 Main results

Theorem 2.1 Let an be an arithmetic sequence with the first term a1 and the
common difference d. Then, for any p, q, r ∈ N+, α ≥ 1, the following holds(

a2p
aq+r

)α
+

(
a2q
ar+p

)α
+

(
a2r
ap+q

)α
≥ 3. (3)

Proof. By using cp inequality and the inequality (2), we have(
a2p
aq+r

)α
+
(

a2q
ar+p

)α
+
(

a2r
ap+q

)α
≥ 1

3α−1

(
a2p
aq+r

+ a2q
ar+p

+ a2r
ap+q

)α
≥ 1

3α−1 3α = 3.

Remark 2.2 In fact, here p, q, r > 1 is sufficient. The general term formula
is still defined by an = a1 + (n− 1)d. The above inequality still holds.

Theorem 2.3 Let an be an arithmetic sequence with the first term a1 and the
common difference d, and let the sum of the first n terms be denoted as Sn.
Then, for any p, q, r ∈ N+, α ≥ 1, the following holds(

S2p

Sq+r

)α
+

(
S2q

Sr+p

)α
+

(
S2r

Sp+q

)α
≥ 3. (4)

Proof. By using cp inequality and the inequality(See the proposition 2 in
reference [1])

S2p

Sq+r
+

S2q

Sr+p
+

S2r

Sp+q
≥ 3,

we have (
S2p

Sq+r

)α
+
(

S2q

Sr+p

)α
+
(

S2r

Sp+q

)α
≥ 1

3α−1

(
S2p

Sq+r
+ S2q

Sr+p
+ S2r

Sp+q

)α
≥ 3.
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Theorem 2.4 Let an be an arithmetic sequence with the first term a1 and the
common difference d. Then, for any m,n, p, q ∈ N+, α ≥ 1, the following holds

(
a3p

aq+m+n

)α
+

(
a3q

am+n+p

)α
+

(
a3m
an+p+q

)α
+

(
a3n

ap+q+m

)α
≥ 4. (5)

Proof. Using cp inequality, we have(
a3p

aq+m+n

)α
+
(

a3q
am+n+p

)α
+
(

a3m
an+p+q

)α
+
(

a3n
ap+q+m

)α
≥ 1

4α−1

(
a3p

aq+m+n
+ a3q

am+n+p
+ a3m

an+p+q
+ a3n

ap+q+m

)α
.

Therefore, to prove that inequality (5) holds, it is only necessary to prove

a3p
aq+m+n

+
a3q

am+n+p

+
a3m
an+p+q

+
a3n

ap+q+m
≥ 4. (6)

In fact, from the general term formula of the arithmetic sequence, we know
that inequality (6) is equivalent to

a1+(3p−1)d
a1+(q+m+n−1)d

+ a1+(3q−1)d
a1+(m+n+p−1)d

+ a1+(3m−1)d
a1+(n+p+q−1)d

+ a1+(3n−1)d
a1+(p+q+m−1)d

≥ 4

⇔ (3p−q−m−n)d
a1+(q+m+n−1)d

+ (3q−m−n−p)d
a1+(m+n+p−1)d

+ (3m−n−p−q)d
a1+(n+p+q−1)d

+ (3n−p−q−m)d
a1+(p+q+m−1)d

≥ 0.

This is equivalent to

(p− q)2d 1
[a1+(q+m+n−1)d][a1+(m+n+p−1)d]

+(q −m)2d 1
[a1+(m+n+p−1)d][a1+(n+p+q−1)d]

+(p−m)2d 1
[a1+(q+m+n−1)d][a1+(n+p+q−1)d]

+(p− n)2d 1
[a1+(q+m+n−1)d][a1+(p+q+m−1)d]

+(q − n)2d 1
[a1+(m+n+p−1)d][a1+(p+q+m−1)d]

+(m− n)2d 1
[a1+(n+p+q−1)d][a1+(p+q+m−1)d]

> 0.

It is obvious that this expression is greater than 0, and the theorem is proved.

Theorem 2.5 Let an be an arithmetic sequence with the first term a1 and the
common difference d, and let the sum of the first n terms be denoted as Sn.
Then, for any p, q,m, n ∈ N+, the following holds

S3p

Sq+m+n

+
S3q

Sm+n+p

+
S3m

Sn+p+q
+

S3n

Sp+q+m
≥ 4. (7)
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Proof. Simple computation yields

S3p

Sq+m+n
+ S3q

Sm+n+p
+ S3m

Sn+p+q
+ S3n

Sp+q+m
=

3p[a1+( 3
2
p− 1

2)d]
(q+m+n)[a1+( q+m+n

2
− 1

2)d]

+
3q[a1+( 3

2
q− 1

2)d]
(m+n+p)[a1+(m+n+p

2
− 1

2)d]
+

3m[a1+( 3
2
m− 1

2)d]
(n+p+q)[a1+( q+m+n

2
− 1

2)d]

+
3n[a1+( 3

2
n− 1

2)d]
(p+q+m)[a1+( p+q+m2

− 1
2)d]

.

Without loss of generality, we may assume that p > q > m > n > 0, and it
is known that the sequence an is an increasing arithmetic sequence. we easily
obtain

p

q +m+ n
≥ q

m+ n+ p
≥ m

n+ p+ q
≥ n

p+ q +m

and
a 3

2
p+ 1

2

a q+m+n+1
2

≥
a 3

2
q+ 1

2

am+n+p+1
2

≥
a 3

2
m+ 1

2

an+p+q+1
2

≥
a 3

2
n+ 1

2

a p+q+m+1
2

.

By applying Chebyshev’s inequality, we can get

S3p

Sq+m+n
+ S3q

Sm+n+p
+ S3m

Sn+p+q
+ S3n

Sp+q+m

≥ 3
4

(
p

q+m+n
+ q

m+n+p
+ m

n+p+q
+ n

p+q+m

)(
a 3
2 p+

1
2

a q+m+n+1
2

+
a 3
2 q+

1
2

am+n+p+1
2

+
a 3
2m+1

2

an+p+q+1
2

+
a 3
2n+

1
2

a p+q+m+1
2

)
.

Considering to the identity

a 3
2 p+

1
2

a q+m+n+1
2

+
a 3
2 q+

1
2

am+n+p+1
2

+
a 3
2m+1

2

an+p+q+1
2

+
a 3
2n+

1
2

a p+q+m+1
2

=
a
3( 1

2 p+
1
6)

a 1
2 q+

1
6+1

2m+1
6+1

2n+
1
6

+
a
3( 1

2 q+
1
6)

a 1
2m+1

6+1
2n+

1
6+1

2 p+
1
6

+
a
3( 1

2m+1
6)

a 1
2n+

1
6+1

2 p+
1
6+1

2 q+
1
6

+
a
3( 1

2n+
1
6)

a 1
2 p+

1
6+1

2 q+
1
6+1

2m+1
6

.

By applying the quaternary Nesbitt inequality and the formula (6), we can
complete the proof.

Similar to the proof of the Theorem 2.2. we can get the following theorem.

Theorem 2.6 Let an be an arithmetic sequence with the first term a1 and the
common difference d, and let the sum of the first n terms be denoted as Sn.
Then, for any p, q,m, n ∈ N+, α ≥ 1, the following holds(

S3p

Sq+m+n

)α
+

(
S3q

Sm+n+p

)α
+

(
S3m

Sn+p+q

)α
+

(
S3n

Sp+q+m

)α
≥ 4. (8)

The above similar conclusions can be extended to the geometric sequence.
Finally, we pose an open problem.
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Open Problem 2.1 Let an be an arithmetic sequence with the first term
a1 and the common difference d. Then, for any l1, l2, · · · ln ∈ N+, α ≥ 1, the
following holds ∑(

a(n−1)li

al1+l2+···li−1+li+1+···+ln

)α
≥ n. (9)

Open Problem 2.2 Let an be an arithmetic sequence with the first term
a1 and the common difference d and let the sum of the first n terms be denoted
as Sn. Then, for any l1, l2, · · · ln ∈ N+, α ≥ 1, the following holds∑(

S(n−1)li

Sl1+l2+···li−1+li+1+···+ln

)α
≥ n. (10)
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