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Abstract

In this study, we focus on the class of multivalent func-
tions of a negative coefficient by introducing a new subclass
of multivalent functions defined by a nowvel integral operator
denoted as IZZ f(&). We investigated the following properties
such as coefficient estimate, radii of starlikeness, convexity
and close-to-convexity, closure theorems, extreme points, in-
tegral means, neighborhood and convolution for the class of
multivalent functions denoted as J?V’Z(n,ﬁ,%ﬁ,a). The inter-
esting results obtained remarked the existing ones.
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1 Introduction

Geometric function theory is one of the branches of complex analysis, that
investigates the features of the geometric properties of the image domain of
analytic functions. As such, a geometric function is an analytic and normalized

function of the form ¢(0) =0, ¢/(0) = 1 defined as

k=2
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having certain geometric properties. Several subclasses of the normalized ana-
lytic functions have been defined and their properties studied in various areas
of research.

The study of these features of the geometric properties of the image domain
have been extended to multivalent function defined as follows:

Let q(§) € A, be the class of the functions of the form

1)=&+ > dff (€eUk>a+1,a€eN) (2)

k=a+1

analytic in the unit disk {£ : €] < 1}.
Let M, be the subclass of A, functions of the form

fO =¢= > et (elUk>at+1,aeN). (3)

k=a+1

analytic in the unit disk {¢ : [¢| < 1}.

The class and subclass of the function of form (2) and (3), referred to as multi-
valent functions with change of notations, p-valent functions with both positive
and negative coefficients has it origin in 1944 by Shigeo Ozaki who studied some
properties of the classes of the functions such as coefficient inequalities, suffi-
cient conditions, (see [5]). These classes have captured the attention of many
researcher in the area of geometric function theory with various geometric
properties investigated such as coefficient inequalities, growth and distortions,
convolution, integral means and many more (see [15, 16, 17, 18, 19, 20]).
Given the functions f(§) and k() be of the form (3), the Hadamard convolu-
tion of f(&) and k(&) is given as

[e.9]

(f*k)©) = D Epest. (4)

k=a+1

and the principle of subordination of two functions f(z) and g(z) expressed as
follows: f < k if
f=kow==Fkw(z),z€U

where w(z) is a unit bound functions, w(0) = 0 and |w(z)| < 1, alternatively
for g to be univalent in U, then f < k < f(0) = £(0) and f(U) C k(U).

Several classes of the functions of the form (3) have been introduced to have
satisfy the geometric conditions of starlikeness, convexity, close-to-convexity,
starlikeness of order p, convexity of order p, close-to-convexity of order p with
different geometric properties studied via families of both differentials and in-
tegrals operators (see [5, 6, 9, 9]).
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This research study is motivated by the work of [10, 11| by introducing a
new class of multivalent function via a novel integral operator denoted as
J"t(n B,7,0,a) and investigate the properties namely: coefficient estimate,
radu of starlikeness, convexity and close-to-convexity, closure theorems, ex-
treme points, integral means, neighborhood and convolution for the class
JE(n, 8,7, 0, ).

The novel Opoola integral operator introduced in [14] on the class of the func-
tions (1) defined as follows:

Ig MQ(&) = q(§).

¢ 1 [
Qﬂ@%zgggqjlé§“H”2WK—¢Mf+ﬂ@W§:aM@»

So that by mathematical inductions,

I q(€) = LI}, M q(€)).

Then
1

TEua(e €+Zl+kz+< VIR

Clearly, varying the parameter n, ¢, (, i, the integral operator reduces to Salagean
integral operator, Al-Oboudi-Al-Qahtani integral operator, (see [1, 2, 3].
Defining the integral operator on the class f € M,, we have

dic". (5)

[e.e]

1
I"(C, p, t, =2 = " .
Cutaf©) === 3 a4

A new class of multivalent functions is introduced using the operator I"(¢, p, ¢, ) f(§)
on the class of the functions M,, defined as follows:

Definition 1.1 The class of functions f € M, is contained in the class
J?}’;(n,ﬁ,% 0, ) if the condition is satisfied

e G RLOSO LI oy )
(1= B)* + (1 = m)BIMC, p, b, ) f(€) + BnE(I7(C, py b, @) f(£))

- 9’ (¢ t, ) (€)' + BEIA™(C, s L, ) f(€))" _a’
(1 =B)¢> + (1 = m)BIMC, p, t, ) f(£) + Bn&(I(C, p, T, ) F(E))

+ 7,6 e U.

(6)
n €Ny, (t>0,pe[0,{],0<5<1,0<n<1,0<y<a,0>0anda€N.

Remark 1.2 Varying the parameters n,(,t, u, 5,1,7,0, «, the condition (6),
reduces to the classes of multivalent functions introduced and studied by the
following authors in [5, 6, 11, 12, 15, 17, 20].
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2 Preliminaries Lemmas

Definition 2.1 /8]
The (k — p) neighborhoods of functions f(§) € M, is defined as

Grp(f) = {k(f) € Mo k() =€ = ) Eig%and ) klex — =i Sp,0§p<1}
k=a+1 k=a+1

(7)
For identity I(§) = &%, a € N

Gioll) = {k(&) €Ma: k(&) =& Y Sifand 3 KE Sp,0§p<1}

k=a+1 k=a+1
(8)

Definition 2.2 The function f(§) € M, is contained in the class JZ’;(’{], B,7, A\, ),
if there exists k(§) € JZ’L(n, By, A, ) such that

1o

"f(ﬁ)
Lemma 2.3 [8] Let ¢ = u + iv be a complex number and 6,0 € R. Then
Re(¢p) > O if and only if |¢p — (a +O)| < |p + (o — O)|, where © > 0.

Lemma 2.4 [8] Let ¢ = u + iv be a complex number and 6,0 € R. Then
Re(p) > 0o — & + O if and only if Re(Pp(1 + 0e%) — ade'®) > O.

Lemma 2.5 [15] If f and g are analytic in U, with f < g, then

21 21
/ Fre®)/ds < / g(re®)['ds,
0 0

where 1 >0, £ =re?, (0 <r < 1).

<a—-P,(0<P<1).

The next section contains the properties investigated namely: coefficient esti-
mate, radii of starlikeness, convexity and close-to-convexity, closure theorems,
extreme points, integral means, neighborhood and convolution for the class

I3, 8,70, ).

3 Main results

3.1 Coefficient Estimate
Theorem 3.1 The function f(§) € J?:Z(n,ﬁ,v,@,a), if and only if

o~ (L= n+nk)(k(1+0) — By +0a) 2
k;ﬂ Tt (ErC—p-Df" di < (1+0)(a+n ne) —(v+ba)(1—n+anf).

(9)
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Where n € No,(,t > 0,0 € [0,¢,0<<1,0<n<1,0<y<a,0eR
and o € N.
The inequality is sharp for the extremal function

ﬂ@:g%f1+®@wHﬁ%®—%7+&wﬁ—nﬂ+amﬂﬂ+(§+g—ﬂ—nﬂ"g
(1 —=n+nk)(k(1+0) — B(y+ 0a) 0 '

Proof Since f(§) € J?y’i(n,ﬁ,%a), using the lemma 2.4, the inequality (6) is
equivalent to

EI(C, 1ty @) F(€)) + BEINC, ot ) F£))" ,-5}
— &0
me{a “B)Ee + (1 — )BT (G it a) f€) + @Gt a)fO) ¢ 77
neNy,(t>0,pel0,0<8<1,0<n<1,0<y<a, aeNand

—r<d<m.
So that

EI"(C it ) F(6)) + BEA (G, p, 8, ) f(£))"(1 + Oe)
(1=B)§* + (1 =n)BI"(C, p, t, @) f(€) + (I (¢, o t, ) f(E))
abe (1 — B)&* + (1 — n)BI"(C, . t, @) f(§) + Bng(X™(C, . t, @) f(€))" (11)
(1 =B)§* + (1 =n)BI(C, p, t, @) f(§) + g (I (¢, p t, ) f(E))

Re

>

Let
L&) =M (C ot ) f(E)) + BET(C, oty ) f(€))" (1 + 0e”)

—€0¢” (1 = B)E™ + (1 =) BI(C, . t, @) (&) + Bng(X" (¢, s t, @) (€)'
and
N(&) = (1= B)E" + (1 = n)BI"(¢, . t, ) f(€) + P& (C, ot ) f(£))-
Using the Lemma 2.3 in (11), we have
1L£(§) + (€ = MN(E] = |L() — (£ = NN(EI.
We have |£(£) + (§ = 7)N (€]

> 3 > Bk(k — 1) |
— a d k — 1) — d k
(“5 2 T Ercpm g HAale -0 = D g Ty

(1+0e)—afe’ ((1 — B+ (1 —n)BEg~ — Z T (1- 77)5 ndkfk + nﬁa&“)
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Y e o= - e 0 e
k::oc-‘,—l
- 77)5 k a - kng k
d - d
:Z +<— g e es k§1[1+(§+<—u—1)t]” )
_ o S k k o a
= |(ag k%}ﬂ TrEr et noa —1)§
- Z +< ;)_ ] ") (1406 )+(a—abe —y)+((1- )& +(1—n) B¢
k= a+1
1 B 77)6 k aFo . nﬂk k
— d - d
kzajﬂ o gy e dacts k§1[1+(§+<_u_1)ﬂn k&")
= |(a+n&® —na)(1 — 0e”)E™ + (o — v — afe”) (1 + nBor — nB)E*
= k+nk2—nk)(1+9el5 5a— —aeelé)(1—n+nk)
d
:Zl i C—u- ,;a;l Eg¢—p— 1y o
> (a4 na? = na)(1+6) + (o — 7 — ab) (1 + nBa —nB)¢|*
— (k+nk? —nk)(1+9)+ﬁ(a—v—a9)(1 —n+0k)
- d
Z L+ (E+¢—p—1) el
Equivalently, |£(£) — (£ + )N (§)]
_ o - k k - e
= (@87~ 2 T E e Tela e

-1 k i 0 o o
- Z TN +§_ )_ E dp€") (1 +0e) — (abe” + a+7) + (1 = B)§* + (1 —n)BE

k= a+1

o

(1—77)5 k a - npk k
- d — d
2 T Erc— o TP L o)
< (a+7v+ab)(l+nba—nb)— (a+na®—na)(l+0)¢"

((k+nk® —nk)(1+0) — Bla+7+ad) (L —n+nk)
+k§1 L4+ (B4 ¢—p—1r di |]"

1£(&) = (£ =N = 1L(&) — (£ + NN (&)
> (a+na® —na)(1+0) + (v + ab) (1 4+ npa — )¢
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_k_;-i-l [1+<§+C—M—1)t]n di, > 0.

Therefore

i (1—n—nk)(k(1+0) — B(y + ab))

T+t C—p_ D di < (14+0)(atna®—na)—(y+0a) (1+nBa—np).

k=a+1

Conversely, by inequality (9), we need to show that

EI"(C it ) f(§) + BEX(C, ot ) f(£))" (1 + Oe®)
(1 =5)¢* + (1 =n)BI*(C, s t, @) f(§) + A€ (I™(C, o t, ) f(E))'
(afe” +7)(1 = B)§* + (1 — n)BI"(C, p t, @) f (&) + BnE(X"(G, pt, @) f(8))'
(1=B)§* + (1 =n)BI"(C, p, t, @) f(€) + (I (¢, ot ) f(E))

e

> 0.
(12)

Let 0 < ¢ = r < 1, such that Re(—e?) > —|e?| = —1 and r — 1, (12) is
obtained from (9).

Corollary 3.2 The function f(§) € JZ’Z(U,B,%Q,Q). Then

_ (L4 0)(a+nena) = (y+0a)(L—nB+anp) [1+ (3 +¢C—p—1)t]"
- (1 =n+nk)(k(1+0) — B(y + 0a) '

€k

(13)
Where n € No,(,t > 0,0 €1[0,(],0<8<1,0<n<1,0<y<a,0eR
and o € N.

Corollary 3.3 Varying the parameter n,t,(, u, 8,m,7, 0 coefficient inequali-
ties of classes of multivalent functions introduced and studied by the following

authors in [5],[6],[11],[12],[13],[17],[20] can be obtained.

3.2 Radii of starlikeness, convexity and close-to-convexity

Theorem 3.4 Let f(§) € J?V’;(n,ﬁ,’y, 0,c). Then f(&) is convex of order p in

the disk || < R4, where

B g (=P + Ok + 1k —nk) = By +af)(L—n+nk) 1+ (5 +C—p—1)t]" )"
o k(k = p) (1 +6)(a +na? —na) — (7 + 0a)(1 + o — ) '

Where n € No,(,t > 0,p €0,{],0<8<1,0<n<1,0<~v<a, 0eR and
a €N,
The inequality of the extremal function f(&) in (10) is sharp.
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Proof It is sufficient to show that

§f"(€)
f'€)

)1+ —a’m—p,msﬁm),

for |£] < R4, we have

() ' S bl — a)efef

i+

LG D S A
Thus ,
Lo
If
- k(k B p) k—a
kZa—:H Oé(Oé _ p)ek’ﬂ <1 (14)

Then by Theorem 3.1, equation (14) is equivalent to

k(k — p)
ala—p)

(1 —n+nk)(k(1+6) - By +0a)

[T+ (E+¢—pn—1)t]" (1 +0)(a+n&ne) — (7+902)1(51)—775+a77ﬁ)'

exl¢F* <

Hence,

€] < ala—p) (14 0)(k +nk? —nk) — B(y + af) (1 — n+ nk) [1+(§+C—M—1)t]n —
- k(k — p)(1+ 0) (e + €2 — na) — (v + 6€)(1 + na — nB)) :

(16)
Ry is obtained by letting |£| = Ry and the proof completes.

Theorem 3.5 Let f(§) € JZ’Z(T},ﬂ,'y,H,a). Then f(&) is starlike of order p
in the disk €| < Ra, where

n i [ A =0+ ak)(k1+6) = By +af) [1+ (3 +C—p—1)1]" =
2 k(k — p)((1+0)(a +na2 —na) — (v + 0a) (1 + nafB — np))

Where n € No,(,t > 0,0 €1[0,(],0<5<1,0<n<1,0<y<a,0eR
and o € N.
The inequality of the extremal function f(§) in (10) is sharp.

Proof It is sufficient to show that

§1'(€)
f'(€)

—aléa—p,(0§p<a),



Defining Novel Integral Operator on the class of Multivalent Functions 43

for || < R4, we have

§r'©) a‘ < D orcar (b — a)exlé*®

f(€) R DS SEEC L
Thus )
29 eees
If
- (k: — p) k—a 17
k;_l (Of—p)ek|£| <1 ( )

Then by Theorem 3.1, equation (17) is equivalent to

(k=p) . ejbo < (1 — 7+ nk)(k(1 +0) — 5(y + 0a)

(a—p) " T+ (E+C—p—1)t]" (1 + ) (a+nE2na) — (v + 0a) (1 — 0B+ anp)’
’ (18)

Hence,

€ < (L= AL O + k2 —nk) — B3 +aB)1L—nt k) [1+ G+ —p— 1)) =
i} 0= )0+ 000+ 702 — ) — (3 + )1+ 0l — 9] ‘
(19)

Rs is obtained by letting |{| = R and the proof completes.

Theorem 3.6 Let f(§) € JZ’Z(n,B,mG,a). Then f(&) is close to convex of
order p in the disk || < Rs, where

1

Ry = inf <(04—/?)((1—77+77k)(k(1+9) — By +af) [1+ (§+C—u—1)ﬂn>k=a

k k(k—p)((1+0)(a+na? —na) — (v + 0a)(1 +naB —np))

Where n € No,(,t > 0,2 €[0,¢],0<3<1,0<n<1,0<y<a, 0eR
and o € N.
The inequality of the extremal function f(&) in (10) is sharp.

Proof It is sufficient to show that

D8 —alca-p0sp<a)
for |£] < R4, we have
”ga(é? —a| < ) kexlgte

k=a+1
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Thus

Jg;(_'él) — a‘ <a-—p.
If .
kel
k;-l a=r = 2

Then by Theorem 3.1, equation (20) is equivalent to

k
(= p)

(1 =n+nk)(k(1+60) - B(y +ba)

[T+ (E+C—p—1)t]" (1+0)(a+na?—na) - (v+9a(>2(11)+n6a—nﬁ)'

g <

1

€l < (@ —p)(L+0)(k+nk* —nk) — By +ad) (L —n+nk) [T+ (E+¢—p—1)t]"
a k((1+9)(&+na2—na)—(7+0§)(1+naﬁ_nﬁ>) .
(22)

R is obtained by letting |{| = R and the proof completes.

3.3 Extreme point
Theorem 3.7 Let f,(§) =& and

(1+0)(a+n&na) — (v+0a)1—nB+anB) [1+ (E4+¢—p-1)t]"

fe(§) = &%= (1 —n+nk)(k(1+0) — B(y+ 0a) ¢

(23)
Wheren € Ny, (,t > 0,1 €[0,{],0<5<1,0<n<1,0<y<aanda €N.

Then the function f(&) € J?”Z(n,ﬁ,% A, ), if and only if

F(&) = Q™+ Y Qufil©), (24)

k=a+1

where Qo >0, >0 and Qo + Y77 01 Qe = 1.

Proof Taking f(&) from (24), Then

f(g) = Qa€a+ Z Qk

k=a+1

n

")

(o i (1+0)(a+nna) — (y+0a)1 —nB+anf) [1+ (£ +(—p—1)t]

(I =n+nk)(k(1+60) = B(y + ba)

k 1
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gl i (1+0)(a+ngna) — (y+0a)1—nB+anp) [1+ (+{—n—1) t}"ék
v (L —=n+nk)(k(1+06) = B(y+6a)
Hence
i (1= 1+ nk)(k(1+6) — B(y + )

(L 0)(a+n¢na) — (y+0a) (1 —nB+anf) 1+ (E+(—p—1)t]"

L+ 0)(at ng*na) — (v + 0c)(L — 0B + ans) 1+ (E+¢—pn-1)t]"
(T —=n+nk)(k(1+0) — B(y + 0a)

io: Q. =1-0Q,< 1.

k=a+1

Then f(€) € I, (n, 8,70, )
The converse of the theorem is true

3.4 Closure Theorem

Theorem 3.8 Let the function f. be given as

o0

fe=¢&%— Z erelh € J?}’Z(n,ﬁ,%@,a), (ere>0),c=1,2,---,t. (25)

k=a+1
Then the function
fE) =€ = > mi* €3¢, (n,8,7.0,0)
k=a+1

whenever

W“::“%jzzehc

c=1
Proof Since f. € JZ’Z(n, B,7,0,a), it follows from Theorem 3.1, that

i (1—n+nk)(k(1+6) — B(y + 0a)

2 - J—
Nt I+ (E+C—p—1)1" ere < (140) (a+n&na)— (y+0a) (1—nB+ans).

forc=1,2,--- ,t.
Hence

i (1—=n+nk)(k(1+6) — B(y + 6a)

- e
k=a+1 [1+(§+C_/L_1)ﬂ ’
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t

::55(1—n+n@%ﬂ+ﬂ)—ﬁhjﬂakk(%Z)%J

k=a+1 [1 + (§ (== 1) t] c=1

I N (k) k(L4 6) — By +6a)
_tz<z 1+ (E+¢—p—-1)t]" '“)

c=1 k=a+1

< (1+0)(a+n€na) — (v + 0a)(1 —nb + anp).
then f; € J?:Z(n,,@,v,@,a)

Theorem 3.9 Let the function f. of the form (25) be in JZ’fL(n,B,”y,G,Oz),c =
1,2,--- ,t. Then the function

[e.e]

f2(€) = fa - Z g’cfc(f) S ']Z:;(na 5777 07 O‘) (26)

k=a+1

whenever .
Z (T, > 0).

Proof From (26), we have

o0

HO =€ 3 w0 =3 (5 S e) 3 (zw)

k=a+1 k=a+1 k=a+1 \c=1

Since f, € J?:Z(n, B,7,0,a), it follows from Theorem 3.1, that

i (L=n+nk)(k(1+0) = By +0a)
bt [T+ (E+r¢—p—-1)1]"

forc=1,2,---,t

Hence
= (L= +nk)(k(L+60) = By +00) (< .
kgﬂ [+ (G+¢—n—1)t]" (Z\I’C k)

- o~ (L= 0+ k) (k(1+0) — By +0a)
1 —n+nk)(E(1+6)—B(y+6a)
<Z\I]( L+ (Et¢—p-1)1]" )
= (1+0)(a+n&na) — (v + 0a)(1 — B + anf).
Then fo € 377,(n, 87,0, )

ke < (146) (a+n&na)— (y+0a) (1—nB+anp).
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3.5 Integral Means inequality
Theorem 3.10 Let ¢ > 0 such that f(§) € JZ’;(n,ﬁ,fy,H,a), assume

e (14O (a+nna) = (y+ba)(L =B+ anB) [1+ (£ +¢—p—1)t]"
e = (L= + R+ 6) — 00 + 0a) ez ot

If there exists

(1—n+nk)(k(1+6) — B(y + ba) i e

g(&) " = (1+0)(a+ng2na) — (y+0a)(1—nB+an) [1+ (E+¢—p—1)1]" &=,

Then, for £ =re” and 0 <r <1,

2m 2w
[Ciera < [Tinerae o
0 0

Proof we need to show that

/27r
0

_ /2“ (1+0)(a+n%na) = (v +0a) 1 =nB+anf) 1+ (E+¢—p—-1)4]"
~Jo (L=n+nk)(k(1+0) — B(y+ 0c)

By Lemma 2.5, it is sufficient to show that

)

do

o0

1-— Z €k§k_a

k=a+1

£

1— £ do

1 f: ereh 0 (14 0)(a +n€2na) — (y+0a)(1 —nB+anB) L+ (E+¢—p—1)4]"

2 (L= n+ k) (k{1 + 0) — By + 0a) &
Let -
1-— Z ekgk_‘"
k=a+1

_ (4 0)(a+nena) — (v+0a) (1 —nf+anf) 1+ (£ +C—p—1) 1" (6=
- (1= n+nk)(k(1+0) — B(y + ) 7
We have that

c—a (1—"74‘777“)(]‘3(1‘*'0)—5(7—1-904) - k—a
56) (14 0) (e +n€2na) — (y+0a)(L—nB+anB) [1+ (E+(—p—1)t]" k;Hlekg ’
Then, g(0) = 0.

From equation (9)

c—a (1*77+77k)(k(1+9)*5(’7+90<) . e k—a
o= (1 +0)(a +né2na) — (v + ) (1 — 0B + anp) [1+(§+C—u—1)t]”k§1 16
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o

(L—n+nk)(k(1+0) — B(y+ ba) >
(1+0)(a+n&2na) — (v +0a) (1 —nB+anf) 1+ (E+(—p—1)t]" £,

<[gl <L

< [¢]

Theorem 3.11 Let € > 0 such that f(§) € J?’;(n,ﬁ,%ﬁ,a), assume

(1+6)(a+n%na) = (v +0a) 1 =nB+anB) 1+ (E+¢—p—-1)¢]"

fe(§) =%~ (1 —n+nk)(k(14+60) — B(y + 0a)

&y (> a+1),a € N.

Then, for € =re? and 0 <r < 1,

2m 2w
[ irerdas < [Tiserase o
0 0

Proof It is sufficient to show that

(o)

1-— Z ekgfk_a =<

k=a+1

c(1+0)(a+n —na)— (y+0a) 1 —nB+anB) 1+ (E+¢—pn—1)t]"
a(l =n+ne)(c(l+0) — By + 0a)

507Q'

It follows that

l9(&)“™
_ a(l —n+nec)(c(l +0) — By + 0a) i Eekgk—a
c(1+0)(a+n&na) — (y+0a)(1—nf+anf) 1+ (E+¢—p—1)t]" £, @

o

3 (L —n+nk)(k(1+0) - B(y + 0c)
jeary (L +0)(a +n&%na) — (v + 0a)(1 — np + anp) [1 + (g +¢(—p—1) t]"

< ¢l < 1.

< [¢]

€k

Theorem 3.12 Let k(&) = goc_zzo:aﬂagk, (E€U)Z>0:k>a+1l:a €N, and
f(f) € JZ:,Z(% 5777 9,04), fOT’ cE N7 then

QC . QC
= = mn —,
Ze  k=a+1 I,
where
0, — (1 =n+nk)(k(1+0) — By + 0a)

(1+0)(e+n€2na) — (y+0a)(1—nB+anB) [1+ (E+¢—p—1)t]"

Also, for c € N, the function f. and k. be given as

(1+0) (e +1E% —na) — (v + 0a) (1 —nB+anp)) [L+ (E+¢—p—1)¢]"
a(l —=n+ne)(c(l+0) — B(y + 0a)

fe(€) = €5~ S
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and
ke(§) = €% — Ecg°. (27)
If there exists an analytic function
c—a _ (1_774_776)(6(1—’_9)_/8(74_90‘) - - k—a
o (1460)(+n&na) — (y+0a)(L—nB+anB) [1+ (E+¢—pn—-1)1]"E k:%;l KR
(28)
then, fore >0, £ =re" and 0 <r < 1,
2 2
[ 1@ koras < [ 1) <o) as.z >
0 0
Proof Since -
(f*k)(€)=€"— > erZet®,
k=a+1
from (27), we have
(fexke)(§) =&~
(L+0)(a+n® —na) = (v +0a)(L —nB+anf)) [1+ (2 + (- pn—1) t]"gc

a(l =n+nc)(c(l+0) — By + 0a)=.

we need to prove the Theorem by taking e > 0, £ = re?® and (0 < r < 1) such that

/ﬁﬂ
0

- /2“ (1+0)(a+n —na)— (y+0a)1—nB+anB) 1+ (E+¢—p—1)t]" =
~Jo (I =n+mnc)(c(1+0) =By +0a)

By Lemma 2.5, it is sufficient to show that

£

dé

o0

1-— Z Ekekfkfa

k=a+1

£

1- £ do

o)

1-— Z Ekekfk_a

k=a+1

. (1+0)(a+nna) — (v +0a) (1 —nB+anp) [L+ (E+¢—pn—1)t]" =

@0+ 0l +0)— By 1 ba) &

(29)
If (29), holds, then there exist an analytic function g(¢)
oo
1- Z ekgk_a
k=a+1
_ (0ot nePna) - (v +0a)(1 —nf +anf) [1 + (5 +¢—p—1) t]ng(@c,a

(1 =n+nk)(k(1+0) — By + 0a)
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We have that

c—a _ (1—77+77k)(k(1+9)—5(7+904) e k— oc
@ (1+0)(a+nena) — (y+0a) 1 —nf+anB) [1+ (E+(—p—1)t ,;;‘H e
Then, g(0) = 0.

From (9)
o _ (1 —n+nk)(k(1 +0) — B(y + ba) o ch—a
9 (1+0)(a+n&2na) — (v + 0a)(1 —nB+anB) [L+ (E+¢—p— k§1 .
(14 0)(a +n&2na) — (y+0a)(1 —nB+anB) [1+ (§ +C—pn—1)t]" 5=,

< ¢l < 1.
Theorem 3.13 Let k(¢) € J”t(n B,7,0,a) and

p(1+B8a)(a+1)(14+0) —n(y+ab)
oo EIeE=r=k

ot 1 [<1+Bf;)fgt2§1j_>l)’1§z+a9> — (L4 6)(a +n€na) — (v + 6a)(1 b + omﬁ)]
(30)

Then Gy, ,(k) C Jnt(n By, A, ).
Proof Since f(§) € Gy (k). Then from definition 2.2, we have

(o]
> klex — Ekl < p.

k=a+1

it follows that the coefficient inequality below

o0

= P
Z ‘ek_:k’ § .
k=a+1 a+1

Since k(§) € Jnt(n,ﬁ v, A, ), we have from Theorem 3.1 that

o0

Y =< (1+0)(a + né%na) — (v + 0a) (1 —nB+anp) [1+ (£ +(—p—1)t]"
e (L =0 +nk)(k(1+0) = B(y + bc)

k=a+1
So that
@ . ZZO:aJrl ’ek - Ek|
k(&) - - ZZO:aJrl Ek
p(1+Ba)(a+1)(1+0)—n(y+ab)
. [+ ()]

a1 (Hﬁﬁ)i‘zﬂéljzf)"tﬁwae) — (1+0) (e +n&%na) — (v + ba)(1 =1 + anp)

=a—9.
Therefore, for 0 < & < 1 and from definition (2.2), f(§) € Jnt(n By, A\, ).
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3.6 Convolution Properties
Theorem 3.14 Let f;(§) € My, (i =1,2) be defined as

[e o]

fi) =€ = D erit® (eny = 0,i=1,2) (31)

k=a+1

be in the class J?’Z(n,ﬂ,’y,@, a). Then (f1(€) * f2(8)) € JZ’Z(A,B,%G,Q).
where

(1 +0)(D) — (v + 0a))(A)[B]? [C]" — (B)(1 + nBa — np3)

A= n(a —1)(y +0a)(1 +nk —n) [C]" — (v + 0a)[D](1 + 6) — (v + 8a)(1 + nfa — npB)

A=14nk—n, B=k(14+0)-B(y+0a), C = 1—{—(2 +(—p—1)t,D=a+na*—na
proof The largest A need to be find such that

i (L—n+nk)(k(1+0) — B(y+ b) egiek2 < 1.

W [+ (5 +¢—p=1)1" (14 0)(a +ng2na) — (3 + 0a) (1 - nf + anp)
(32)
Since f(§); € J?y’;(n,ﬁ,%@, a), (1 =1,2), then from Theorem 3.1, we have that

= (I —=n+nk)(k(14+6) — B(y + 0a) < 1(i=19
kza;-l [+ (E4C—p—1t]" (1+60)a+nena) — (v +6a)(1—nB+anp) sLU=12)
(33)
By Cauchy-Schwarz inequality, we have
- (1 —n+nk)(k(L +6) — B(y + 0a) 1
k;.m [+ (Erc—p— 1)1 (1+6)(a+nna) — (v +0a)(1—nB +ang) ¥ ' =t
(34)
It is obvious to show that
(1 —n+nk)(k(1+0) — B(y+ 0a) et
L+ (E+¢—p—1)t" 1 +0)(a+nna) — (v+0a)1—nB+anB)
(L —n+nk)(k(1+0) — B(y + ba) Jeriens

<
T+ (E+ 1)t (1 +0)(a+n€2na) — (v + ) (1 — nB + anp)
So that

(k(1+0) — B(v + ad)[(1 + 0)(a + na* — na) — (v + fa) (1 + nAa — nA)]
VeRIG2 S A5 0) = Ay + a0)[(1 1 0)(a + na? — a) — (v + 6a)(1 + nBa 5 757)5)]
From (34), we have

(1 —n+nk)(k(1+6) — B(y +0a)

L4+ (B4 ¢—p—1)t]" (14 0)(a+n&na) — (y+ ba)(1 —n6+avz§()§

Vek1€r2 < [
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So that, we have

(1 —n+nk)(k(1+6) - B(y+0a)

L+ (E+¢—p-1)1)" 1 +0)(a+nna) = (v + 0a)(1 — B + anp)
(k(146) = B(y + b)) [(1 + 8)(a + na* —na) — (v +6a)(1 + nAa — nA)]
(k(1+0) = A(y + af))[(1 + ) (a +na? — na) — (v + 0a)(1 +nfa —np)]
We obtained A and the proof completes.

<

Theorem 3.15 Let f;(€) € Ma, (i =1,2) be of the form (29). be in the class
JZ’Z(% ﬁa s )\, Ol)- Then the f'LL’flCtiOn

h(E) =€ = D (eha+eha)e™, (37)
is in the class JZ’;(\I/,B,%H,Q).

where

v < LA+0)(D) = (v+02)JAB? [C]" — 2(k(1 + 6)(A)[(1 + 6)(D) — (v + 6a)(1 + nf())]*)

~ (nla =1)(v +0a))[ABP? [CT" = 2(y + 0a)(A)[(1 + a)(D) — (v + ba) (1 + (e = 1))]*

A=1+nk—n, B=k(1+0)—-B(y+0a),C =1+ (L + ¢~ p—1)t, D= at+na®—na
proof The largest ¥ need to be find such that

o

S (1 =n+nk)(k(1+0) = B(y + o)
W M (B¢ —n—1)1]" (14 60)(a +n¢2na) — (v + ) (1 — 1B + anp)

(6%,1‘“3%,2) <1

(38)
Since f(§); € J?y’i(n,ﬁ,’y,@, a), (1 =1,2), then from Theorem 3.1, we have that

i < (1= n+ k) (k(1 +60) — B(y + 6a) )262'

S\ B == " A+ )+ nena) = (v + )1 —nB +anp) )

- i < (1 =+ nk)(k(1+6) — By + ba) ek1>2<1.

T\ E =) A+ 0)(a+nE2na) = (Y+ )1 —nB+anf) ) T
(39)

and

> < (1 =+ nk)(k(1L+ 6) — By + b) )

W \ L+ (B4 ¢—u—1)t]" (1 4+ 0)(a+n&2na) — (v + a)(1 — 1B + anB) w2

<3 ( (1= + k) (k{1 + 6) — B(y + ) ek2>2<1_

T\ E =) " A+ 0)(a+n2ne) = (Y+ )1 —nB+anB) ) T

(40)
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So that
2
L (L= n+nk)(k(+0) = 5y +0a) P
k;.m ([1 + (5 +¢—u=1)1]" (L) (a+nEna) — (v +0a)(1 — 1B + anﬁ)) Chrtei) <1
(41)
Since f(¢) € Jg‘;;(n, B,7, A, @) if and only if
S (1 —n+nk)(k(1+6) — B(y + ba) 2
k::g—i-l [T+ (E4+¢—pn—1)t]" (1+6)(a+n&na) — (v + 0a) (1 — 1B +anﬁ)( hateia) <1
(42)
Then,
(1 —n+nk)(k(1+6) — B(y+0a)
[T+ (E+¢—p—1)¢" (1+0)(a+n&na) — (v + 0a)(1 — B + anp)
> 1( (1= 1+ k) (k(1 + 6) — B(y + ba) )
T 2\ E =) " A+ 0) (a4 n¢Pna) — (v + 0a) (1 — 1B + anB)

We obtained ¥ and the proof completes.

4 Conclusion

This work has presented a novel integral operator that extends some well-known
existing results of the subclasses of multivalent functions. The following proper-
ties investigated were coefficient estimate, radii of starlikeness, convexity and close-
to-convexity, closure theorems, extreme points, integral means, neighborhood and

convolution for the class of multivalent functions denoted as J Z’Z(n, B,7,0,a).

5 Open Problem

The integral operator is open to researcher for further investigation on some other
classes of analytic and multivalent functions .
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